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Zh hvwdeolvk wkh uhodwlrqvklsv ehwzhhq fhuwdlq Ed|hvldq dqg fodvvlfdo dssurdfkhv wr lqvwuxphqwdo yduldeoh
uhjuhvvlrq1 Zh ghwhuplqh wkh irup ri sulruv wkdw ohdg wr srvwhulruv iru vwuxfwxudo sdudphwhuv wkdw kdyh vlplodu
surshuwlhv dv fodvvlfdo 5VOV dqg OLPO dqg lq grlqj vr surylgh vrph qhz lqvljkw wr wkh vpdoo vdpsoh ehkdylru
ri Ed|hvldq dqg fodvvlfdo surfhgxuhv lq wkh olplwhg lqirupdwlrq vlpxowdqhrxv htxdwlrqv prgho1 Rxu dssurdfk
lv prwlydwhg e| wkh uhodwlrqvkls ehwzhhq Ed|hvldq dqg fodvvlfdo surfhgxuhv lq olqhdu uhjuhvvlrq prghov> l1h1/
Ed|hvldq dqdo|vlv zlwk d gl￿xvh sulru ohdgv wr srvwhulruv wkdw duh lghqwlfdo lq irup wr wkh ￿qlwh vdpsoh ghqvlw|
ri fodvvlfdo ohdvw vtxduhv hvwlpdwruv1 Zh xvh wkh idfw wkdw wkh lqvwuxphqwdo yduldeohv uhjuhvvlrq prgho fdq eh
rewdlqhg iurp d uhgxfhg udqn uhvwulfwlrq rq d pxowlyduldwh olqhdu prgho wr ghwhuplqh wkh sulruv wkdw jlyh ulvh
wr srvwhulruv wkdw kdyh surshuwlhv vlplodu wr fodvvlfdo 5VOV dqg OLPO1 Dv d e|0surgxfw ri wklv dssurdfk zh
surylgh d qryho zd| wr ghwhuplqh wkh h{dfw ￿qlwh vdpsoh ghqvlw| ri wkh OLPO hvwlpdwru dqg wkh sulru wkdw
fruuhvsrqgv zlwk fodvvlfdo OLPO1 Zh vkrz wkdw wkh wudglwlrqdo Guº}h +4<:9, dqg d qhz Ed|hvldq Wzr Vwdjh
dssurdfk duh vlplodu wr 5VOV zkhuhdv wkh dssurdfk edvhg rq wkh Mh￿uh|v* sulru fruuhvsrqgv wr OLPO1
4L q w u rgxfwlrq
Wkh lqvwuxphqwdo yduldeohv +LY, uhjuhvvlrq ru olplwhg lqirupdwlrq vlpxowdqhrxv htxdwlrqv prgho kdv d orqj wud0
glwlrq lq hfrqrphwulfv1 Wkh pdlq fodvvlfdo whfkqltxhv ri olplwhg lqirupdwlrq pd{lpxp olnholkrrg +OLPO,/ gxh
wr Dqghuvrq dqg Uxelq +4<7<, dqg Krrg dqg Nrrspdqv +4<86,/ dqg wzr0vwdjh ohdvw vtxduhv +5VOV,/ gxh wr
Wkhlo +4<86, dqg Edvhpdq +4<8:, duh zhoo xqghuvwrrg1 Uhfhqw ryhuylhzv ri wkhvh surfhgxuhv duh jlyhq lq Kdxv0
pdq +4<;6,/ Skloolsv +4<;6,/ Erzghq dqg Wxunlqjwrq +4<;7,/ Gku|phv +4<<7, dqg Vwdljhu dqg Vwrfn +4<<:,1
Dv|pswrwlf lqihuhqfh xvlqj 5VOV ru OLPO lv vwudljkwiruzdug/ surylghg lqvwuxphqwv duh qrw wrr zhdn/ exw h{dfw
￿qlwh vdpsoh lqihuhqfh lv gl!fxow gxh wr wkh frpsolfdwhg qdwxuh ri wkh vdpsolqj ghqvlwlhv ri wkh 5VOV dqg OLPO
hvwlpdwruv1 Odjjlqj wkh fodvvlfdo olwhudwxuh/ d fruuhvsrqglqj Ed|hvldq olwhudwxuh rq vlqjoh htxdwlrq surfhgxuhv
iru dqdo|}lqj wkh LY prgho hyroyhg lqlwldol}hg e| Guº}h +4<:9, dqg uhylhzhg e| Guº}h dqg Ulfkdug +4<;6,/ vhh
dovr ]hooqhu +4<:4,1 Wklv lqlwldo dssurdfk/ khuhdiwhu uhihuuhg wr dv wkh Guº}h dssurdfk/ zdv prwlydwhg e| wkh
htxlydohqfh ri Ed|hvldq dqg fodvvlfdo surfhgxuhv iru wkh olqhdu uhjuhvvlrq prgho xvlqj d vxlwdeo| gl￿xvh sulru iru
wkh sdudphwhuv ri wkh olqhdu prgho1 Wklv olwhudwxuh pdlqo| irfxvvhg rq wkh uhodwlrqvkls ehwzhhq sulru lqirupdwlrq
dqg lghqwl￿fdwlrq ri vwuxfwxudo sdudphwhuv dqg frpsxwdwlrqdo sureohpv lqyroyhg lq d Ed|hvldq dqdo|vlv uhvxowlqj
iurp wkh frpsxwdwlrq ri frpsolfdwhg kljk0glphqvlrqdo lqwhjudov1 Wkh odwwhu sureohpv zhuh vhhq dv wkh pdmru
revwdfoh wr Ed|hvldq dqdo|vlv lq vlpxowdqhrxv htxdwlrqv> vhh d=r= Norhn dqg ydq Glmn +4<:;,/ Ulfkdug dqg Wrpsd
+4<;3,/ Edxzhqv +4<;7,/ Vwhho +4<<4,/ Jhzhnh +4<<9, dqg Edxzhqv dqg ydq Glmn +4<;<,1 Wkh Guº}h dssurdfk kdv
ehhq dgyrfdwhg dv d Ed|hvldq yhuvlrq ri OLPO dqg kdv wkh dssduhqw dgydqwdjh ryhu fodvvlfdo OLPO ri surylglqj
h{dfw lqihuhqfh iru wkh LY prgho1 Pdggdod +4<:9,/ krzhyhu/ fulwlfl}hg wkh Guº}h dssurdfk iru shfxoldu ehkdylru
WHfrqrphwulf Lqvwlwxwh/ Hudvpxv Xqlyhuvlw| Urwwhugdp/ S1R1 Er{ 4:6;/ 6333 GU Urwwhugdp/ Wkh Qhwkhuodqgv/
Hpdlo=nohlehujhqCihz1hxu1qo1 Wkh dxwkru wkdqnv wkh Qhwkhuodqgv Rujdqlvdwlrq iru Vflhqwl￿f Uhvhdufk +Q1Z1R, iru wkhlu ￿qdqfldo
vxssruw1 Sdshu dovr dydlodeoh dw kwws=22zzz1hxu1qo2ihz2hl2idfxow|2nohlehujhq1
_Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Zdvklqjwrq/ Vhdwwoh/ ZD/ X1V1D1 Vxssruw iurp wkh Qdwlrqdo Vflhqfh Irxqgdwlrq xqghu
judqw Qr1 VEU0<:44634 lv judwhixoo| dfnqrzohgjhg1 Hpdlo=h}lyrwCx1zdvklqjwrq1hgx1
4lq xqlghqwl￿hg prghov dqg dujxhg wkdw lw pd| kdyh pruh vlplodulwlhv zlwk 5VOV wkdq zlwk OLPO1 Sduwo| gxh wr
wkh lqwhuhvw lq wkh h￿hfw ri qhdu qrqlghqwl￿fdwlrq ri vwuxfwxudo sdudphwhuv gxh wr zhdn lqvwuxphqwv rq lqihuhqfh
lq LY prghov/ wkh lvvxh ri Ed|hvldq dqdo|vlv lq vlpxowdqhrxv htxdwlrq prghov kdv ehhq uhylvlwhg e| Nohlehujhq
dqg ydq Glmn +4<<;, dqg Fkdr dqg Skloolsv +4<<;, dqg wkh| sursrvh rwkhu Ed|hvldq vlqjoh htxdwlrq surfhgxuhv
zklfk sduwo| ryhufrph vrph ri wkh vkruwfrplqjv ri wkh Guº}h dssurdfk1 Lq wklv sdshu/ zh exlog xsrq wkh dqdo|vlv
ri Nohlehujhq dqg ydq Glmn dqg Fkdr dqg Skloolsv +4<<;, wr ghyhors d ehwwhu xqghuvwdqglqj ri wkh uhodwlrqvkls
ehwzhhq Ed|hvldq dqg fodvvlfdo dssurdfkhv wr lqvwuxphqwdo yduldeohv uhjuhvvlrq1
Wkh ￿qlwh vdpsoh dqg dv|pswrwlf surshuwlhv ri 5VOV dqg OLPO hvwlpdwlrq surfhgxuhv duh zhoo xqghuvwrrg
xqghu erwk jrrg dqg zhdn lqvwuxphqwv exw wkh surshuwlhv ri fhuwdlq ￿gl￿xvh sulru￿ Ed|hvldq surfhgxuhv duh
ohvv zhoo xqghuvwrrg1 Wr ehwwhu xqghuvwdqg wkh Ed|hvldq surfhgxuhv/ zh frpsduh vhyhudo nh| surshuwlhv ri wkh
￿qlwh vdpsoh glvwulexwlrq ri 5VOV dqg OLPO hvwlpdwruv zlwk dqdorjrxv surshuwlhv ri wkh srvwhulruv uhvxowlqj iurp
fhuwdlq ￿gl￿xvh sulru￿ Ed|hvldq surfhgxuhv1 Wkh gl￿xvh sulruv zh frqvlghu duh +4, gl￿xvh sulru iru sdudphwhuv ri
wkh vwuxfwxudo LY prgho +Guº}h dssurdfk,> +5, d qhz Ed|hvldq wzr0vwdjh dssurdfk frqvwuxfwhg wr plplf 5VOV>
+6, Mh￿uh|v* sulru iru wkh LY prgho> dqg +7, gl￿xvh sulru iru wkh xquhvwulfwhg uhgxfhg irup ri wkh LY prgho1
Zh vshfl￿fdoo| dqdo|}h wkh vhqvlwlylw| ri wkh uhvxowlqj srvwhulruv iru wkh vwuxfwxudo sdudphwhuv wr wkh rughulqj
ri wkh hqgrjhqrxv yduldeohv/ wkh dgglwlrq ri h{wud lqvwuxphqwv dqg wr wkh lqwurgxfwlrq ri zhdn ru vxshu xrxv
lqvwuxphqwv1 Zh vkrz wkdw wkh ￿uvw wzr Ed|hvldq surfhgxuhv kdyh pruh lq frpprq zlwk 5VOV wkdq zlwk OLPO/
wkh dssurdfk edvhg rq wkh Mh￿uh|v* sulru lv wkh Ed|hvldq frxqwhusduw ri OLPO dqg wkh dssurdfk xvlqj d gl￿xvh
sulru rq wkh xquhvwulfwhg irup dovr kdv vrph surshuwlhv lq frpprq zlwk OLPO1
Lq rughu wr vkrz wkdw wkh Mh￿uh|v* sulru lv wkh Ed|hvldq frxqwhusduw ri OLPO/ zh wdnh d gl￿huhqw urxwh wkdq
Fkdr dqg Skloolsv +4<<;, dqg xvh wkh idfw wkdw wkh lqvwuxphqwdo yduldeohv uhjuhvvlrq prgho fdq eh rewdlqhg iurp
d uhgxfhg udqn uhvwulfwlrq rq d pxowlyduldwh olqhdu prgho +wkh xquhvwulfwhg uhgxfhg irup,1 Zh vkrz wkdw wkh
uhvwulfwlrq lpsrvhg e| wkh vwuxfwxudo irup ri wkh LY uhjuhvvlrq prgho rq wkh sdudphwhuv ri wkh pxowlyduldwh olqhdu
prgho lv vxfk wkdw d xqltxh h{suhvvlrq h{lvwv ri wkh srvwhulru ri wkh sdudphwhuv ri wkh vwuxfwxudo irup dv wkh
frqglwlrqdo srvwhulru ri wkh sdudphwhuv ri wkh pxowlyduldwh olqhdu prgho jlyhq wkdw wkh uhgxfhg udqn uhvwulfwlrq
krogv/ vhh Nohlehujhq +4<<;,/ dqg wkhuhe| dyrlgv wkh Eruho0Nroprjrury sdudgr{/ vhh Guº}h dqg Ulfkdug +4<;6,1
Xvlqj wklv dssurdfk/ zh surylgh dq dowhuqdwlyh uhsuhvhqwdwlrq iru wkh h{dfw ￿qlwh vdpsoh ghqvlw| ri wkh OLPO
hvwlpdwru dv wkh frqglwlrqdo ghqvlw| ri d wudqviruphg ohdvw vtxduhv hvwlpdwru ri d pxowlyduldwh olqhdu prgho jlyhq
wkdw lw kdv uhgxfhg udqn1 Wkh nh| wr wklv dowhuqdwlyh uhsuhvhqwdwlrq lv wkh Mdfreldq ri wkh wudqvirupdwlrq iurp wkh
pxowlyduldwh olqhdu prgho wr wkh uhgxfhg udqn LY uhjuhvvlrq prgho1 Zh wkhq xvh wklv dowhuqdwlyh uhsuhvhqwdwlrq
wr ghwhuplqh wkdw wkh Mh￿uh|v* sulru iru wkh LY prgho jlyhv ulvh wr d srvwhulru iru wkh vwuxfwxudo sdudphwhuv wkdw
kdv wkh vdph irup dv wkh h{dfw vdpsolqj ghqvlw| ri wkh OLPO hvwlpdwru1
Wkh Mdfreldq ghvfulelqj wkh pdsslqj iurp wkh pxowlyduldwh olqhdu prgho wr wkh LY prgho doorzv xv wr lqihu
wkh w|sh ri sulru lpsolhg rq wkh vwuxfwxudo sdudphwhuv ri wkh LY prgho iurp d sulru vshfl￿hg rq wkh pxowlyduldwh
olqhdu prgho dqg ylfh0yhuvd1 Wklv doorzv xv wr h{whqg jhqhudo fodvvhv ri sulruv wkdw h{lvw iru wkh sdudphwhuv ri
olqhdu prghov/ iru h{dpsoh gl￿xvh dqg qdwxudo0frqmxjdwh sulruv/ wr wkh sdudphwhuv ri qrqolqhdu prghov olnh wkh LY
uhjuhvvlrq prgho1 Ixuwkhu/ lq wkh pxowlyduldwh olqhdu prgho doo surshuwlhv ri lwv sulru duh uh hfwhg lq wkh pdujlqdo
srvwhulruv zklfk grhv qrw krog iru wkh LY prgho vlqfh lw lv d qrqolqhdu ixqfwlrq ri lwv sdudphwhuv1 Wkh sulru rq
wkh sdudphwhuv ri wkh pxowlyduldwh olqhdu prgho uhvxowlqj lq wkh vshfl￿hg sulru rq wkh sdudphwhuv ri wkh uhvwulfwhg
uhgxfhg irup lv wkhuhiruh d frqyhqlhqw wrro iru dqdo|}lqj wkh h￿hfwv rq wkh pdujlqdo srvwhulruv ri wkh vwuxfwxudo
sdudphwhuv ri wkh sulru vshfl￿hg rq wkh sdudphwhuv ri wkh uhvwulfwhg uhgxfhg irup1 Zh frqvwuxfw wkhvh lpsolhg
sulruv iru wkh sdudphwhuv ri wkh pxowlyduldwh olqhdu prgho iru wkh irxu diruhphqwlrqhg ￿gl￿xvh sulru￿ Ed|hvldq
dssurdfkhv dqg wkh| uhyhdo doo wkh gl￿huhqfhv dsshdulqj lq wkh uhvxowlqj pdujlqdo srvwhulruv iru wkh vwuxfwxudo
sdudphwhuv1 Lq sduwlfxodu/ wkh sulruv ri wkh Guº}h dqg Ed|hvldq Wzr vwdjh dssurdfkhv vkrz wkdw/ uhodwlyh wr
wkh Mh￿uh|v* sulru/ wkh| ehfrph pruh lqirupdwlyh zkhq vxshu xrxv lqvwuxphqwv duh dgghg wr wkh prgho1 Wkh
sulruv ri wkh Guº}h/ Ed|hvldq Wzr vwdjh dqg Mh￿uh|v* dssurdfkhv vkrz wkdw/ uhodwlyh wr wkh gl￿xvh sulru rq wkh
sdudphwhuv ri wkh xquhvwulfwhg uhgxfhg irup/ wkh| doo frqgxfw d nlqg ri suhwhvwlqj lq ryhulghqwl￿hg prghov vxfk
wkdw wkh srvwhulruv ri wkh vwuxfwxudo sdudphwhuv duh ohvv vhqvlwlyh wr wkh dgglwlrq ri vxshu xrxv lqvwuxphqwv wkdq
wkh srvwhulru uhvxowlqj iurp wkh gl￿xvh sulru rq wkh xquhvwulfwhg uhgxfhg irup1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 od|v rxw wkh sdudphwhul}dwlrqv ri wkh LY uhjuhvvlrq prgho1 Vhfwlrq
6 uhylhzv wkh fodvvlfdo 5VOV dqg OLPO hvwlpdwlrq surfhgxuhv dqg vhfwlrq 7 glvfxvvhv wkh Guº}h dqg Ed|hvldq
wzr0vwdjh gl￿xvh sulru surfhgxuhv1 Vhfwlrq 8 ghyhorsv wkh phwkrgrorj| wr dqdo|}h wkh LY prgho dv d uhgxfhg udqn
uhvwulfwlrq rq d pxowlyduldwh olqhdu prgho dqg vkrzv wkh uhodwlrqvkls ehwzhhq wkh h{dfw vdpsolqj ghqvlw| ri wkh
OLPO hvwlpdwru dqg wkh srvwhulru ghulyhg iurp wkh Mh￿uh|v* sulru1 Vhfwlrqv 9 dqg : jlyh wkh srvwhulru dqdo|vlv ri
5vwuxfwxudo sdudphwhuv edvhg rq wkh Mh￿uh|v* sulru iru wkh LY prgho dqg d  dw sulru iru wkh xquhvwulfwhg uhgxfhg
irup1 Vhfwlrq ; frqvwuxfwv wkh lpsolhg sulru iru wkh xquhvwulfwhg uhgxfhg irup sdudphwhuv iurp wkh gl￿xvh sulru
vshfl￿fdwlrqv iru wkh sdudphwhuv ri wkh LY prgho1 Vhfwlrq < frqfoxghv wkh sdshu1 Surriv dqg orqj ghulydwlrqv ri
uhvxowv duh uhohjdwhg wr wkh dsshqglfhv1
5 Wkh Lqvwuxphqwdo Yduldeohv Prgho dqg Lwv Sdudphwhul}dwlrqv
Wkh lqvwuxphqwdo yduldeohv +LY, uhjuhvvlrq prgho lq vwuxfwxudo irup +VI, lv riwhq uhsuhvhqwhg dv d olplwhg lqiru0
pdwlrq vlpxowdqhrxv htxdwlrq prgho +OLVHP,/ vhh Kdxvpdq +4<;6,/
|4 @ \5￿ .]￿.%4> +4,
\5 @ [￿.]￿.Y5>
zkhuh |4 dqg \5 duh d W ￿4 dqg W ￿+p￿4, pdwul{ ri hqgrjhqrxv yduldeohv/ uhvshfwlyho|/ ] lv d W ￿n4 pdwul{ ri
lqfoxghg h{rjhqrxv yduldeohv/ [ lv d W ￿n5 pdwul{ ri h{foxghg h{rjhqrxv yduldeohv +ru lqvwuxphqwv,/ %4 lv d W ￿4
yhfwru ri vwuxfwxudo huuruv dqg Y5 lv W ￿+p￿4, pdwul{ ri uhgxfhg irup huuruv1 Wkh +p￿4,￿4 sdudphwhu yhfwru
￿ frqwdlqv wkh vwuxfwxudo sdudphwhuv ri lqwhuhvw dqg wkh n4￿4 yhfwru ￿4 frqvlvwv ri vwuxfwxudo sdudphwhuv wkdw duh
qrw ri gluhfw lqwhuhvw1 Wkh yduldeohv lq [ dqg ]/ zklfk pd| frqwdlq odjjhg hqgrjhqrxv yduldeohv/ duh dvvxphg
wr eh ri ixoo froxpq udqn/ xqfruuhodwhg zlwk %4 dqg Y5 dqg zhdno| h{rjhqrxv iru wkh vwuxfwxudo sdudphwhu ￿1
Wkh huuru whupv %4w dqg Y5w> zkhuh %4w ghqrwhvw k hw0wk revhuydwlrq rq %4 dqg Y5w lv d froxpq yhfwru ghqrwlqj
wkh w0wk urz ri Y5/ duh dvvxphg wr eh qrupdoo| glvwulexwhg zlwk }hur phdq/ dqg wr eh vhuldoo| xqfruuhodwhg dqg

















44 dqg wkh txdolw| ri wkh lqvwuxphqwv lv fdswxuhg e| ￿=
Vxevwlwxwlqj wkh uhgxfhg irup htxdwlrq iru \5 lqwr wkh vwuxfwxudo htxdwlrq iru |4 jlyhv wkh qrqolqhduo| uhvwulfwhg
uhgxfhg irup +UUI, vshfl￿fdwlrq
|4 @ [￿￿ . ]+￿￿ . ￿,.y4> +6,
\5 @ [￿.]￿.Y5>
zkhuh y4 @ %4 . Y5￿ dqg/ khqfh/ +y4w Y 3


















Wkh xquhvwulfwhg uhgxfhg irup +XUI, ri wkh prgho h{suhvvhv hdfk hqgrjhqrxv yduldeoh dv d olqhdu ixqfwlrq ri
wkh h{rjhqrxv yduldeohv dqg lv jlyhq e|
|4 @ [￿ .]) . y4 +8,
\5 @ [￿.]￿.Y5
Vlqfh wkh XUI lv d pxowlyduldwh olqhdu uhjuhvvlrq prgho doo ri wkh uhgxfhg irup sdudphwhuv duh lghqwl￿hg1 Lw
lv dvvxphg wkdw n5 ￿ p ￿ 4 vr wkdw wkh vwuxfwxudo sdudphwhu yhfwru ￿ lv ￿dssduhqwo|￿ lghqwl￿hg e| wkh rughu
frqglwlrq1 Zh fdoo wkh prgho mxvw0lghqwl￿hg zkhq n5 @ p ￿ 4 dqg wkh prgho ryhu0lghqwl￿hg zkhq n5 Ap￿ 4
dqg zh ghqrwh e| g @ n5 ￿p.4wkh ghjuhh ri ryhulghqwl￿fdwlrq1 Wkh lghqwli|lqj uhvwulfwlrqv w|lqj wrjhwkhu wkh
sdudphwhuv ri +6, dqg +8, duh
￿ ￿ ￿￿ @3 >)￿￿￿ @ ￿> +9,
￿44 @ $44 ￿5￿
3￿54 .￿
3￿55￿> ￿54 @￿ 54 ￿￿
3￿55> ￿55 @￿ 55>
6dqg/ devhqw dq| uhvwulfwlrqv rq ￿> ￿ lv lghqwl￿hg li dqg rqo| li udqn+￿, @ p￿4= Wkh h{wuhph fdvh lq zklfk ￿ lv
wrwdoo| xqlghqwl￿hg rffxuv zkhq ￿ @3dqg/ khqfh/ udqn+￿, @ 3= Wkh fdvh ri ￿zhdn lqvwuxphqwv￿/ dv glvfxvvhg
e| Qhovrq dqg Vwduw} +4<<3,/ Vwdljhu dqg Vwrfn +4<<:,/ Zdqj dqg ]lyrw +4<<;,/ dqg ]lyrw/ Qhovrq dqg Vwduw}
+4<<;,/ rffxuv zkhq ￿ lv forvh wr }hur ru/ dv glvfxvvhg e| Nlwdpxud +4<<7,/ Gxirxu dqg Nkdodi +4<<:, dqg Vkhd
+4<<:, zkhq ￿ lv forvh wr kdylqj uhgxfhg udqn1
Vlqfh wkh irfxv ri rxu dqdo|vlv lv rq ￿> zh fdq vlpsoli| wkh suhvhqwdwlrq ri wkh uhvxowv e| vhwwlqj ￿ @3dqg
￿@3vr wkdw ] gursv rxw ri wkh prgho1 Lq zkdw iroorzv/ ohw n @ n5 ghqrwh wkh qxpehu ri lqvwuxphqwv1 Zh
qrwh wkdw wkh irup ri wkh dqdo|wlfdo uhvxowv iru ￿ lq wklv vlpsol￿hg fdvh fduu| ryhu wr wkh pruh jhqhudo fdvh zkhuh
￿ 9@3dqg ￿ 9@3xvlqj wkh Iulvfk0Zdxjk0Oryhoo wkhruhp e| lqwhusuhwlqj doo gdwd pdwulfhv dv uhvlgxdov iurp wkh
surmhfwlrq rq ]=
6 Fodvvlfdo Vlqjoh Htxdwlrq LY Hvwlpdwruv
Lq wklv vhfwlrq zh eulh | glvfxvv wzr frpprqo| xvhg fodvvlfdo vlqjoh htxdwlrq hvwlpdwruv iru ￿= wzr vwdjh ohdvw
vtxduhv +5VOV, dqg olplwhg lqirupdwlrq pd{lpxp olnholkrrg +OLPO,1 Rxu sxusrvh khuh lv wr vxppdul}h vhyhudo
nh| surshuwlhv ri wkhvh hvwlpdwruv wkdw zh zloo xvh wr frpsduh dqg frqwudvw zlwk nh| surshuwlhv ri fhuwdlq Ed|hvldq
srvwhulru ghqvlw| hvwlpdwhv iru ￿1 Iru d pruh frpsohwh glvfxvvlrq ri fodvvlfdo vlqjoh htxdwlrq surfhgxuhv/ zh uhihu
wkh uhdghu wr Kdxvpdq +4<;6,/ Skloolsv +4<;6,/ Erzghq dqg Wxunlqjwrq +4<;7, dqg Gku|phv +4<<7,1
614 Wzr Vwdjh Ohdvw Vtxduhv
Vlqfh wkh uhgxfhg irup htxdwlrqv iru \5 duh olqhdu/ d ￿uvw vwdjh hvwlpdwh ri ￿ fdq eh rewdlqhg e| ruglqdu| ohdvw
vtxduhv +ROV, jlylqj a ￿@+ [3[,￿4[3\5= Vxevwlwxwlqj a ￿ lqwr wkh uhgxfhg irup htxdwlrq ri |4 jlyhv wkh vhfrqg
vwdjh uhjuhvvlrq
|4 @ [a ￿￿ .￿> +:,
zkhuh ￿ @ y4 . [+￿ ￿ a ￿,￿> dqg dsso|lqj ROV wr +:, ohdgv wr wkh 5VOV hvwlpdwru ri ￿/
a ￿5VOV @+a ￿3[3[a ￿,￿4a ￿3[3|4 @+ \ 3
5S[\5,￿4\ 3
5S[|4> +;,
zkhuh SD @ D+D3D,￿4D3 iru dq| pdwul{ D ri ixoo udqn1
Uhjduglqj dv|pswrwlf surshuwlhv/ a ￿5VOV lv frqvlvwhqw iru ￿ dqg lv dv|pswrwlfdoo| qrupdoo| glvwulexwhg zlwk
fryduldqfh pdwul{ 4
W ￿44+￿3￿[[￿,￿4> zkhuh ￿[[ @ solpW$4
4
W [3[> xqghu idluo| zhdn frqglwlrqv surylghg ￿ lv
lghqwl￿hg dqg lqvwuxphqwv duh qrw wrr zhdn1 Li lqvwuxphqwv duh zhdn/ Vwdljhu dqg Vwrfn +4<<:, vkrz wkdw a ￿5VOV
lv dv|pswrwlfdoo| eldvhg zlwk wkh eldv ghshqglqj rq ￿
￿4




55 ￿> wkh srsxodwlrq uhjuhvvlrq frh!flhqw
ri %4 rq Y5> dqg kdv d qrqvwdqgdug dv|pswrwlf glvwulexwlrq41 Wxuqlqj wr ￿qlwh vdpsoh surshuwlhv/ a ￿5VOV lv ohvv
eldvhg wkdq a ￿ROV dqg lv eldvhg lq wkh vdph gluhfwlrq dv a ￿ROV= Ixuwkhu/ erwk wkh eldv dqg wdlov ri wkh ￿qlwh vdpsoh
glvwulexwlrq ri a ￿5VOV ghshqg rq wkh ghjuhh ri ryhulghqwl￿fdwlrq/ g/ ri wkh vwuxfwxudo htxdwlrq1 Wkh prphqwv ri
wkh ￿qlwh vdpsoh glvwulexwlrq h{lvw xs wr2lqfoxglqj wkh ghjuhh ri ryhulghqwl￿fdwlrq dqg dovr h{klelw d eldv zklfk
ghshqgv rq wklv ghjuhh/ vhh Skloolsv +4<;6,1 Dv d frqvhtxhqfh/ dgglqj vxshu xrxv yduldeohv wr [> l1h1 yduldeohv
zkrvh wuxh uhgxfhg irup frh!flhqwv duh }hur/ pdnhv a ￿5VOV pruh dffxudwh exw derxw d pruh eldvhg hvwlpdwh1
Wklv rffxuv ehfdxvh dv vxshu xrxv yduldeohv duh dgghg wr [ orzhu udqn ydoxhv ri [a ￿ ehfrph ohvv olnho|/ zklfk
h{sodlqv wkh h{lvwhqfh ri kljkhu rughu prphqwv/ dqg wkh fruuhodwlrq ehwzhhq [a ￿ dqg Y5 lqfuhdvhv/ zklfk h{sodlqv
wkh lqfuhdvhg eldv ri a ￿5VOV wrzdugv wkh fruuhodwlrq ehwzhhq %4 dqg Y5= Qhovrq dqg Vwduw} +4<<3, vkrz wkdw wkhvh
uhvxowv duh dffhqwxdwhg xqghu zhdn lqvwuxphqwv dqg d kljk ghjuhh ri hqgrjhqhlw|1 Ilqdoo|/ zkhq p @5 > a ￿5VOV lv
qrw lqyduldqw zlwk uhvshfw wr wkh rughulqj ri |4 dqg |5> l=h= a ￿
￿4
5VOV 9@ e ￿5VOV> zkhuh ￿ @ ￿
￿4=
4Vwdljhu dqg Vwrfn vshfli| wkh zhdn lqvwuxphqw fdvh e| dvvxplqj wkdw ￿’￿*
I
A￿Lq wklv sdudphwhul}dwlrq wkh vr0fdoohg qrupdol}hg
frqfhqwudwlrq sdudphwhu >2 ’ A￿￿￿’￿￿￿ uhpdlqv ￿{hg dv wkh vdpsoh vl}h jurzv1
7615 Olplwhg Lqirupdwlrq Pd{lpxp Olnholkrrg
Wkh OLPO hvwlpdwru/ a ￿OLPO> lv rewdlqhg iurp wkh orj0olnholkrrg ixqfwlrq ri +4, frqfhqwudwhg zlwk uhvshfw wr ￿





￿ ￿ ￿ ￿
+|4 ￿ \5￿,3P[+|4 ￿ \5￿,
+|4 ￿ \5￿,3+|4 ￿ \5￿,





￿ ￿ ￿ ￿4 ￿
+|4 ￿\5￿,3S[+|4 ￿\5￿,
+|4 ￿\5￿,3+|4 ￿\5￿,





zkhuh \ @+ |4 \5,>P [ @ LW ￿ S[ dqg ￿+￿,@
+|4￿\5￿,3S[+|4￿\5￿,
+|4￿\5￿,3+|4￿\5￿, = Vlqfh oqOf+￿m[>\ , lv d prqrwrqlfdoo| gh0
fuhdvlqj ixqfwlrq ri ￿+￿,> pd{lpl}lqj oqOf+￿m[>\ , lv htxlydohqw wr plqlpl}lqj ￿+￿,>zklfk/ lq wxuq/ lv htxlydohqw
wr ￿qglqj wkh vpdoohvw urrw ri wkh ghwhuplqdqwdo htxdwlrq
m￿\ 3\ ￿\ 3S[\ m @ 3> +43,
vhh Dqghuvrq dqg Uxelq +4<7<, dqg Krrg dqg Nrrspdqv +4<86, 1 Wkh OLPO hvwlpdwru ri ￿ lv wkhq frqvwuxfwhg
vxfk wkdw wkh hljhqyhfwru dvvrfldwhg zlwk ￿ htxdov d+4 ￿e ￿
3
OLPO,3> zkhuh d lv wkh ￿uvw hohphqw ri wkh hljhqyhfwru
dvvrfldwhg zlwk ￿= Zh qrwh wkdw wkh 5VOV hvwlpdwru plqlpl}hv ￿+￿, xqghu wkh frqglwlrq wkdw wkh ghqrplqdwru
lv frqvwdqw zklfk rffxuv lq d mxvw lghqwl￿hg prgho1
Wkh dv|pswrwlf surshuwlhv ri e ￿OLPO duh wkh vdph dv e ￿5VOV surylghg ￿ lv lghqwl￿hg dqg lqvwuxphqwv duh
qrw wrr zhdn1 Xqghu zhdn lqvwuxphqwv Vwdljhu dqg Vwrfn vkrz wkdw e ￿OLPO lv qrw frqvlvwhqw dqg frqyhujhv wr
d glvwulexwlrq gl￿huhqw wkdq wkh rqh iru e ￿5VOV= Lq ￿qlwh vdpsohv/ e ￿OLPO lv dssur{lpdwho| phgldq xqeldvhg li
lqvwuxphqwv duh qrw wrr zhdn1 Lq frqwudvw wr wkh 5VOV hvwlpdwru/ wkh wdlo ehkdylru ri wkh ￿qlwh vdpsoh glvwulexwlrq
ri e ￿OLPO grhv qrw ghshqg rq wkh ghjuhh ri ryhulghqwl￿fdwlrq/ kdv Fdxfk|0w|sh wdlov/ dqg khqfh kdv qr ￿qlwh
prphqwv/ vhh Dqghuvrq +4<;5, dqg Skloolsv +4<;6,1 Dv d uhvxow/ wkh ￿qlwh vdpsoh ghqvlw| ri e ￿OLPO lv pxfk ohvv
vhqvlwlyh wr wkh dgglwlrq ri vxshu xrxv yduldeohv wkdq wkh ghqvlw| ri e ￿5VOV= Lq dgglwlrq/ zkhq p @ 5> e ￿OLPO lv
lqyduldqw zlwk uhvshfw wr wkh rughulqj ri wkh yduldeohv lq \ / vxfk wkdw e ￿OLPO @ e ￿
￿4
OLPO> zkhuh ￿ @ ￿
￿4=
7 Ed|hvldq Dqdo|vlv ri wkh LY Uhjuhvvlrq Prgho= D Iluvw Orrn
714 Guº}h*v +4<:9, Dssurdfk
Rqh ri wkh lqlwldo Ed|hvldq dssurdfkhv wr wkh dqdo|vlv ri wkh vlqjoh htxdwlrq VHP lv gxh wr Guº}h +4<:9,1 Wklv
dssurdfk vshfl￿hv d  dw ru gl￿xvh sulru rq wkh sdudphwhuv ri wkh vwuxfwxudo irup +4,/
sGuh}h
VI +￿>￿>￿, 2m ￿m￿ 4
5+n.p.4,> +44,
zkhuh wkh vxevfulsw VI vljql￿hv wkdw wkh sulru lv rq wkh sdudphwhuv ri wkh VI dqg wkh vxshuvfulsw Guh}h ghqrwhv
wkdw wkh sulru lv wkh rqh vshfl￿hg e| Guº}h1 Wkh sulru +53, lpsolhv wkh vdph nlqg ri gl￿xvh sulru rq wkh sdudphwhuv
ri wkh UUI +6,/
sGuh}h
UUI +￿>￿>￿, 2m ￿m￿ 4
5+n.p.4,> +45,
vlqfh wkh Mdfreldq ri wkh wudqvirupdwlrq5 iurp ￿ wr ￿ lv devruehg lq m￿m￿ 4
5+p.n.4,= Wklv lqyduldqfh surshuw|
ehwzhhq  dw sulruv rq wkh VI dqg UUI lv wkh sulpdu| prwlydwlrq ri wkh Guº}h dssurdfk1 Pxowlso|lqj wkhvh
sulruv e| wkh dssursuldwh olnholkrrg dqg lqwhjudwlqj rxw wkh uhpdlqlqj +qxlvdqfh, sdudphwhuv jlyhv wkh iroorzlqj
pdujlqdo srvwhulruv ri ￿ dqg ￿6=
sGuh}h






m+|4 ￿ \5￿,3+|4 ￿ \5￿,m￿ 4
5n= +46,
5Qrwh wkdw iru wkh vwuxfwxudo irup zh frqvlghu wklv Mdfreldq lv xqlw| dqg vr wkh uhodwlrqvkls ehwzhhq gl￿xvh sulruv rq wkh VI dqg
UUI dovr krogv iru rwkhu fkrlfhv ri wkh ghjuhhv ri iuhhgrp sdudphwhu E& n 6 n￿ ￿ ￿
6Vhh Guº}h +4<:9, dqg Edxzhqv dqg ydq Glmn +4<;<, iru ghwdlov rq wkh lqwhjudwlrq vwhsv zlwk uhvshfw wr wkh pdujlqdo srvwhulru ri
q dqg Nohlehujhq dqg ydq Glmn +4<<;, iru wkh pdujlqdo srvwhulru ri ￿1
8sGuh}h







m+\5 ￿[￿,3+\5 ￿[￿,m￿ 4
5+W.n,> +47,
Wkh pdujlqdo ghqvlw| ri ￿ lv d 404 sro|0w ghqvlw|/ vhh Guº}h +4<::,1 Wkh ￿uvw whup lq wkh ghqvlw| lv sursruwlrqdo
wr wkh frqfhqwudwhg olnholkrrg ixqfwlrq ri ￿ xvhg iru OLPO hvwlpdwlrq dqg wkh vhfrqg whup lv sursruwlrqdo wr wkh
nhuqho ri d Vwxghqw0w ghqvlw| fhqwhuhg dw wkh ROV uhjuhvvlrq ri |4 rq \5= Wkh pdujlqdo srvwhulru ri ￿ lv dovr d
udwlr sro|0w ghqvlw|1
Wkh  dw sulru dssurdfk ri Guº}h +4<:9, kdv ehhq wkh suhgrplqdqw Ed|hvldq dssurdfk wr LY uhjuhvvlrq1 Lw
lv h{whqghg lq Guº}h dqg Ulfkdug +4<;6, wr doorz iru lqirupdwlyh sulruv rq wkh sdudphwhuv ri VI1 Ulfkdug dqg
Wrpsd +4<;3, frqvwuxfw d srvwhulru vlpxodwru wr vlpxodwh iurp 404 sro| w ghqvlwlhv/ vhh dovr Edxzhqv +4<;7,/
dqg Vwhho +4<<4, dqdo|}hv wkh h!flhqf| ri srvwhulru vlpxodwruv dqg lpsuryhv wkhp xvlqj erwk qxphulfdo dqg
dqdo|wlfdo whfkqltxhv1 Jhzhnh +4<<9, frqvwuxfwv d srvwhulru vlpxodwru xvlqj wkh Jleev Vdpsohu iru wkh pdujlqdo
srvwhulru ri ￿ zkhq lqirupdwlyh sulruv duh lqyroyhg1 ]hooqhu hw= do= +4<;;,/ xvh wkh Guº}h dssurdfk wr shuirup d
vshfl￿fdwlrq dqdo|vlv lq wkh vlqjoh htxdwlrq prgho1 Lq wkh qh{w vhfwlrq/ nh| surshuwlhv ri wkh pdujlqdo srvwhulru
+46, duh glvfxvvhg dqg frpsduhg zlwk wkh vdpsolqj surshuwlhv ri e ￿5VOV dqg e ￿OLPO=
Zh qrz glvfxvv vrph ri wkh surshuwlhv ri wkh srvwhulruv +46, dqg +47,1
41 Wkh pdujlqdo srvwhulruv ri ￿ dqg ￿ duh qrw lqyduldqw zlwk uhvshfw wr wkh rughulqj ri |4 dqg \5= Wr looxvwudwh/
ohw p @ 5 dqg frqvlghu dqrwkhu uhsuhvhqwdwlrq ri +4, zlwk wkh rughulqj ri wkh yduldeohv lq wkh vwuxfwxudo dqg
uhgxfhg irup htxdwlrqv uhyhuvhg1 Wkh VI lv
|5 @ |4￿ .￿4> +48,
|4 @ [￿.￿5>













zkhuh ￿ @ ￿￿4> ￿ @￿ ￿> ￿4 @ ￿%4￿> dqg wkh UUI fryduldqfh pdwul{ lv vwloo ￿= Wkh Mdfreldq ri wkh
wudqvirupdwlrq iurp +￿>￿, wr +￿>￿, lv
mM++￿>￿,>+￿>￿,,m @
￿ ￿ ￿ ￿
+Cyhf+￿,3 Cyhf+￿,3,3
Cyhf+￿,3 Cyhf+￿,3
￿ ￿ ￿ ￿ @
￿ ￿ ￿ ￿
￿
￿ ￿Ln 4 ￿￿
3 ￿￿￿4 ￿￿￿4
￿￿ ￿ ￿ ￿ @ m￿mn￿5= +4:,
Vlqfh wkh olnholkrrg lv lqyduldqw zlwk uhvshfw wr wkh rughulqj ri wkh yduldeohv lq \> wkh vhqvlwlylw| ri wkh
srvwhulru fdq rqo| uhvxow iurp wkh sulru1 Qrz/ iroorzlqj wkh Guº}h dssurdfk/ d gl￿xvh sulru rq +￿>￿>￿, lv
sGuh}h
UUI +￿>￿>￿, 2m ￿m￿ 4
5+n.p.4,> +4;,
zkloh wkh sulru rq +￿>￿>￿, lpsolhg e| wkh gl￿xvh sulru +45, rq wkh ruljlqdo rughulqj lv
s
lpsolhg
UUI +￿>￿>￿, 2 sGuh}h
UUI +￿>￿>￿,mM++￿>￿,>+￿>￿,,m @ m￿m￿ 4
5+n.p.4,m￿mn￿5= +4<,
Xqohvv n @ 5 wkhvh sulruv duh qrw htxdo dqg vr wkh pdujlqdo srvwhulruv ri ￿ dqg ￿ duh gl￿huhqw iurp wkh
pdujlqdo srvwhulruv ri ￿ dqg ￿ zklfk duh lpsolhg e| +46, dqg +47,1 Wkh srvwhulruv ri wkh sdudphwhuv
uhvxowlqj iurp wkh Guº}h +4<:9, dssurdfk duh wkhuhiruh qrw lqyduldqw zlwk uhvshfw wr wkh rughulqj ri wkh
yduldeohv lq \= Wklv qrqlqyduldqfh lv vlplodu wr wkh qrqlqyduldqfh ri wkh fodvvlfdo 5VOV hvwlpdwru1
51 Wkh pdujlqdo srvwhulru ri ￿ lv vhqvlwlyh wr wkh dgglwlrq ri vxshu xrxv lqvwuxphqwv1 Wr vhh wklv/ uhfdoo
wkdw wkh pdujlqdo srvwhulru ri ￿ lv sursruwlrqdo wr wkh surgxfw ri wkh frqfhqwudwhg olnholkrrg ri ￿/ zkr*v
orjdulwkp lv jlyhq lq +<,/ dqg wkh nhuqho ri d Vwxghqw0 w ghqvlw| zlwk g ghjuhhv ri iuhhgrp zlwk phdq dqg
yduldqfh uhvxowlqj iurp wkh uhjuhvvlrq ri |4 rq \5= Wkh prphqwv ri wkh srvwhulru wkhuhiruh h{lvw xs wr/ exw
qrw lqfoxglqj/ wkh ghjuhhv ri iuhhgrp ri wkh Vwxghqw0w nhuqho zklfk lv wkh ghjuhh ri ryhulghqwl￿fdwlrq/ g1
Wkh pdujlqdo srvwhulru ri ￿ fdq eh wkrxjkw ri dv d frpelqdwlrq ri d pdujlqdo srvwhulru uhvxowlqj iurp d
 dw sulru rq wkh sdudphwhuv lq d olqhdu uhjuhvvlrq ri |4 rq \5 dqg wkh frqfhqwudwhg olnholkrrg ri ￿ dqg rqh
fdq frqwuro wkh uhodwlyh zhljkw ri wkh wzr frpsrqhqwv e| fkdqjlqj wkh ghjuhh ri ryhulghqwl￿fdwlrq/ ru/ sxw
9gl￿huhqwo|/ dgglqj2uhprylqj yduldeohv wr2iurp [= Iru h{dpsoh/ lq wkh mxvw lghqwl￿hg prgho iru zklfk g @ 3
wkh pdujlqdo srvwhulru ri ￿ lv qrw surshu1 Lw fdq eh pdgh surshu/ krzhyhu/ e| vlpso| dgglqj vxshu xrxv
lqvwuxphqwv wr [> zklfk/ dv d frqvhtxhqfh/ ohdgv wr dq dssduhqwo| ryhulghqwl￿hg prgho1 Wklv srlqw zdv
￿uvw qrwhg e| Pdggdod +4<:9, zkr vkrzhg wkdw wkh pdujlqdo srvwhulru +46, kdv lqirupdwlrq rq sdudphwhu
ydoxhv iru zklfk wkh olnholkrrg kdv qr lqirupdwlrq1 Zh dgg wkdw wkh h￿hfw dgglwlrqdo h{sodqdwru| yduldeohv
kdyh lq sxvklqj wkh srvwhulru wrzdugv wkh srvwhulru uhvxowlqj iurp d olqhdu uhjuhvvlrq prgho lv vlplodu wr
wkh h￿hfw wkh| kdyh rq wkh vdpsolqj ghqvlw| ri e ￿5VOV1
61 Vlqfh wkh pdujlqdo srvwhulru ri ￿ fdq eh frqvlghuhg dv d frpelqdwlrq ri wkh pdujlqdo srvwhulru uhvxowlqj iurp
d olqhdu uhjuhvvlrq prgho dqg wkh frqfhqwudwhg olnholkrrg/ wkh srvwhulru phdq dqg prgh ehkdyh dffruglqjo|1
Ixuwkhupruh/ iru h{dfwo| ru voljkwo| ryhulghqwl￿hg prghov wkh srvwhulru prgh zloo eh forvh wr e ￿OLPO exw lw
fdq eh txlwh gl￿huhqw iurp e ￿OLPO iru kljko| ryhulghqwl￿hg prghov zlwk zhdn ru vxshu xrxv lqvwuxphqwv1
71 Wkh pdujlqdo srvwhulru ri ￿ kdv d qrqlqwhjudeoh dv|pswrwh dw ￿ @3 > wkh srlqw dw zklfk ￿ lv qrw lghqwl￿hg1
Wklv rffxuv ehfdxvh wkh mrlqw srvwhulru ri ￿ dqg ￿ grhv qrw ghshqg rq ￿ zkhq ￿@3d q gv rz k h qz h
lqwhjudwh ryhu ￿ wr jhw wkh pdujlqdo srvwhulru iru ￿ dq lq￿qlwh ydoxh uhvxowv1 Wklv uhvxow lv wurxeolqj vlqfh
wkh srvwhulru idyruv ydoxhv qhdu ￿@3uhjdugohvv ri wkh revhuyhg gdwd1
Wr looxvwudwh vrph ri wkh surshuwlhv ri wkh Guº}h dssurdfk/ zh frpsxwhg wkh pdujlqdo srvwhulru +46, iru
vlpxodwhg gdwdvhwv jhqhudwhg iurp +4, zlwk p @ 5 dqg ] @3 1 Iru hdfk gdwdvhw zh vhw ￿ @4 >￿44 @ ￿55 @
4>￿ @3 =<< +! @5 ,dqg W @ 433= Irxu gdwd vhwv zhuh jhqhudwhg zlwk n @4 >8>43>53>[￿ Q+3>L n ￿ LW, dqg
￿ @+ ￿4>￿ 3
5,3 zkhuh ￿4 lv d vfdodu yduldeoh frqwuroolqj wkh txdolw| ri wkh lqvwuxphqwv dqg ￿5 lv g ￿ 4 yhfwru ri
}hurv uhsuhvhqwlqj h{wudqhrxv ru vxshu xrxv lqvwuxphqwv= Jrrg/ zhdn dqg luuhohydqw lqvwuxphqwv duh fdswxuhg
e| ￿4 @ 4>￿4 @3 =4 dqg ￿4 @3 > uhvshfwlyho|1 Wdeoh 6 vxppdul}hv ydoxhv ri ROV/ 5VOV dqg OLPO hvwlpdwruv iru
wkhvh gdwdvhwv dqg Iljxuhv 406 jlyh sorwv ri wkh pdujlqdo srvwhulruv ri ￿ frpsxwhg iurp +46, +wdeoh dqg ￿jxuhv
duh lq wkh dsshqgl{,1
Iru wkh jrrg lqvwuxphqw fdvh wkh ROV hvwlpdwh ri ￿ lv prghudwho| eldvhg zkhuhdv wkh 5VOV dqg OLPO
hvwlpdwruv duh ohvv eldvhg iru doo ydoxhv ri n= Wkh 5VOV hvwlpdwru vorzo| pryhv wrzdug wkh wkhruhwlfdo srlqw ri
frqfhqwudwlrq/ !> +htxdo wr 4=<< khuh, dv n lqfuhdvhv zkhuhdv wkh OLPO hvwlpdwru uhpdlqv xqfkdqjhg1 Zkhq
n @4 > wkh srvwhulru ri ￿ lv urxjko| fhqwhuhg derxw wkh wuxh ydoxh exw vkrzv d jrrg ghdo ri xqfhuwdlqw| gxh wr
wkh odfn ri prphqwv ri wkh srvwhulru1 Dv n lqfuhdvhv wkh srvwhulru prgh vkliwv uljkw dv pruh zhljkw lv jlyhq wr
wkh ROV hvwlpdwh dqg wkh wdlov ri wkh ghqvlw| ghfuhdvhv dv pruh prphqwv ehfrph ￿qlwh1 Wklv vkrzv wkdw wkh
srvwhulru ehfrphv pruh suhflvh exw derxw d pruh ￿eldvhg￿ srlqw dqg lv vlplodu wr wkh ehkdylru ri wkh vdpsolqj
ghqvlw| ri wkh 5VOV hvwlpdwru1
Iru wkh zhdn lqvwuxphqw fdvh/ wkh ROV/ 5VOV dqg OLPO hvwlpdwhv ri ￿ duh khdylo| eldvhg iru doo ydoxhv ri n=
Wkh hvwlpdwhg vwdqgdug huuruv ri e ￿5VOV duh txlwh odujh iru vpdoo n exw ehfrph txlwh wljkw iru odujh n zkhuhdv
wkh OLPO vwdqgdug huuruv duh odujh iru doo n= Zkhq n @ 53> e ￿OLPO @ ￿9=63 zklfk looxvwudwhv wkh  dwqhvv ri
wkh frqfhqwudwhg olnholkrrg ixqfwlrq lq wkh suhvhqfh ri zhdn lqvwuxphqwv1 Wkh srvwhulru ri ￿ lv elprgdo lq wkh
fdvh ri zhdn lqvwuxphqwv/ pxfk olnh wkh vdpsolqj ghqvlwlhv ri e ￿5VOV dqg e ￿OLPO +vhh Qhovrq dqg Vwduw} +4<<3,
dqg Vwdljhu dqg Vwrfn +4<<:,, dqg wkh elprgdolw| glplqlvkhv udslgo| dv n lqfuhdvhv1 Zkhq n @ 53> wkh srvwhulru
ehfrphv txlwh wljkw derxw d srlqw voljkwo| juhdwhu wkdq !=
Lq wkh frpsohwho| xqlghqwl￿hg fdvh/ wkh ROV/ 5VOV dqg OLPO hvwlpdwruv duh doo yhu| vlplodu dqg forvh wr !=
Wkh srvwhulru ri ￿ lq doo fdvhv kdv prvw ri lwv pdvv qhdu ! dqg zlwk n @ 53 wkh srvwhulru ehfrphv yhu| wljkw1
Wklv fohduo| looxvwudwhv Pdggdod*v +4<:9, fulwlflvp ri wkh Guº}h dssurdfk1
715 Ed|hvldq Wzr Vwdjh Dssurdfk
Wkh pdlq uhdvrq wkh Guº}h sulru +44, lq xhqfhv wkh srvwhulruv iru ￿ dqg ￿ lq xqghvludeoh zd|v lv gxh wr wkh
dvvxphg lqghshqghqfh ehwzhhq ￿ dqg ￿= Vlqfh ￿ lv orfdoo| qrqlghqwl￿hg zkhq ￿ kdv d orzhu udqn ydoxh/ lw lv d
sulrul nqrzq wkdw wkh prgho lv lqirupdwlyh derxw ￿ zkhq ￿ kdv ixoo udqn dqg lv xqlqirupdwlyh derxw ￿ zkhq/
iru h{dpsoh/ ￿ @3 = Wklv nqrzohgjh frxog eh h{solflwo| lqfrusrudwhg lq wkh sulru1 Wkh fodvvlfdo 5VOV hvwlpdwru
hvvhqwldoo| rshudwhv lq wklv zd|/ vlqfh lw ￿uvw hvwlpdwhv ￿ dqg wkhq/ frqglwlrqdo rq wkh hvwlpdwh ri ￿> hvwlpdwhv
￿= Wr plplf wkh 5VOV surfhgxuh/ zh frqvwuxfw d sulru iru wkh sdudphwhuv ri wkh UUI zklfk ixqfwlrqdol}hv wkh
vwhsv xvhg wr rewdlq wkh 5VOV hvwlpdwru dqg zh uhihu wr wkh uhvxowlqj dqdo|vlv dv wkh Ed|hvldq Wzr Vwdjh +E5V,
Dssurdfk1
:Frqvlghu d voljkw uhsdudphwul}dwlrq ri wkh UUI +6,/
|4 @ [￿￿ . y4 @ [￿￿ .h4 . Y5! +53,
\5 @ [￿.Y5>
zkhuh y4 @ h4 . Y5!> ! @ ￿￿4
55 ￿54 lv wkh srsxodwlrq uhjuhvvlrq frh!flhqw ri y4 rq Y5 vxfk wkdw h4 dqg Y5
duh lqghshqghqw zlwk ydu+h4,@$44=5 @ $44 ￿ $45￿
￿4
55 $54
7= ]hooqhu/ Edxzhqv dqg ydq Glmn +4<;<, xvh wklv
sdudphwhul}dwlrq iru d Ed|hvldq vshfl￿fdwlrq dqdo|vlv lq wkh OLVHP exw gr qrw dffrxqw iru wkh ghshqghqfh ri ￿
rq ￿ lq wkh sulru wkh| xvh/ zklfk lv wkh Guº}h sulru +44,1 Zh xvh wkh lqghshqghqfh ehwzhhq wkh huuruv h4 dqg Y5
lq htxdwlrqv lq +53, dv zhoo dv wkh idfw wkdw ￿ lv qrw lghqwl￿hg zkhq ￿ kdv uhgxfhg udqn wr frqvwuxfw frqglwlrqdo
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Wkh mrlqw sulru iru wkh UUI sdudphwhuv +￿>!>￿>$ 44=5>￿55, lv wkh surgxfw ri wkh frqglwlrqdo dqg pdujlqdo sulruv
lq +54,=
sE5V




Wkh pdlq gl￿huhqfh ehwzhhq wkh E5V sulru +55, dqg wkh Guº}h sulru +44, lv wkh frqglwlrqdo sulru ri ￿ jlyhq wkh
rwkhu sdudphwhuv1 Wklv frqglwlrqdo sulru fdswxuhv wkh idfw wkdw wkh prgho lv qrw lqirupdwlyh derxw ￿ zkhq ￿ kdv
uhgxfhg udqn vlqfh lw lv htxdo wr }hur zkhq ￿ kdv uhgxfhg udqn1
Vwudljkwiruzdug fdofxodwlrqv jlyh wkh iroorzlqj frqglwlrqdo dqg pdujlqdo srvwhulruv=
sE5V
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m+￿￿ a ￿,3[3[+￿￿ a ￿, .\ 3
5P[\5m￿ 4
5+W.n￿4,= +5:,
zkhuh a ! @+ Y 3
5P[ a ￿Y5,￿4Y 3
5P[ a ￿|4 @ +\ 3
5P[ a ￿\5,￿4\ 3
5P[ a ￿|4> a ￿@+ [3[,￿4[3\5> a ￿ @+ ￿ 3[3[￿,￿4￿3[3+|4 ￿
Y5!,=
Zh qrz glvfxvv vrph surshuwlhv ri wkh E5V srvwhulruv dqg dujxh wkdw wkh E5V dssurdfk lv pruh forvho| uhodwhg
wr fodvvlfdo 5VOV wkdq wkh Guº}h dssurdfk1
41 Dv zlwk wkh Guº}h dssurdfk/ wkh srvwhulruv duh qrw lqyduldqw wr wkh rughulqj ri wkh hqgrjhqrxv yduldeohv1
Wkh dujxphqw lv vlplodu wr wkdw xvhg iru wkh Guº}h dssurdfk dqg lv rplwwhg1
51 Wkh phdq ri wkh frqglwlrqdo srvwhulru ri ￿ lv hvvhqwldoo| e ￿5VOV
8=
61 Xvlqj Ud|ohljk txrwlhqwv/ l=h= udwlrv ri txdgudwlf irupv/ lw fdq eh vkrzq wkdw wkh udwlrv ri ghwhuplqdqwv
dsshdulqj lq wkh ￿uvw sduw ri wkh pdujlqdo srvwhulru ri ￿ lq +5:, duh dozd|v ￿qlwh dqg odujhu wkdq d vshfl￿f
7Iurp wkh lghqwli|lqj uhvwulfwlrqv/ ￿ ’l 3￿
22 l2￿ ’P
3￿
22 P2￿ n q zklfk lv dovr wkh srlqw ri frqfhqwudwlrq iru e q27u7 lq wkh fdvh ri
zhdn lqvwuxphqwv1
8Wklv rffxuv ehfdxvh wkh hvwlpdwhg 5VOV uhvlgxdov e T2 fdq eh dgghg wr wkh vhfrqg vwdjh uhjuhvvlrq +:, zlwkrxw d￿hfwlqj wkh 5VOV
hvwlpdwru/ vlqfh e T2 lv ruwkrjrqdo wr f ￿ ￿c dqg ehfdxvh ) rqo| plqruo| d￿hfwv wkh wkh frqglwlrqdo srvwhulru phdq ri qc vlqfh T2 lv rq
dyhudjh xqfruuhodwhg zlwk f￿￿
;qrq}hur ydoxh1 Khqfh/ wkh pdujlqdo srvwhulru ri ￿ grhv qrw kdyh d qrq0lqwhjudeoh dv|pswrwh dw ￿ @3dv
lw lv erxqghg iurp deryh dqg ehorz e| d pdwulf0yduldwh Vwxghqw0w ghqvlw| zlwk W ￿ 4 ghjuhhv ri iuhhgrp1
Wkh irup ri wkh srvwhulru lv forvho| uhodwhg wr wkh pdujlqdo srvwhulru zklfk uhvxowv iurp d vwdqgdug gl￿xvh
sulru dqdo|vlv ri wkh uhgxfhg irup uhjuhvvlrq ri \5 rq [=
71 Frqvlghu wkh dssur{lpdwh orfdwlrq ri wkh pdujlqdo srvwhulru phdq dqg prgh ri ￿= Wr ghwhuplqh wkhvh ydoxhv/
zh xvh wkh vlplodulw| ehwzhhq wkh pdujlqdo srvwhulru ri ￿ +5:, dqg wkh pdujlqdo srvwhulru uhvxowlqj iurp d
gl￿xvh sulru dqdo|vlv ri wkh uhjuhvvlrq ri |4 rq \51 Wkh phdq dqg prgh ri wklv odwwhu pdujlqdo srvwhulru
olh dw a ￿ROV @+ [3[,￿4[3\5= Vxevwlwxwlqj wklv ydoxh lq wkh frqglwlrqdo srvwhulruv ri ! dqg ￿> jlyhv wkh
dssur{lpdwh srvwhulru prghv ri wkh pdujlqdo srvwhulruv ri ￿ dqg !=
a !+a ￿ROV, @+ Y 3
5P[ a ￿ROVY5,￿4Y 3
5P[ a ￿|4 @ +\ 3
5P[\5,￿4\ 3
5P[|4 +5;,
@ +e Y 3
5 e Y5,￿4e Y 3
5|4>
a ￿+a !> a ￿ ,@+ a ￿3
ROV[3[a ￿ROV,￿4a ￿ROV[3+|4 ￿ e Y5!+a ￿ROV,,
@+ a ￿3
ROV[3[a ￿ROV,￿4a ￿ROV[3|4>
zkhuh e Y5 @ \5 ￿ [a ￿ROV= Qrw vxusulvlqjo|/ wkh dssur{lpdwh srvwhulru prgh ri wkh pdujlqdo srvwhulru ri ￿
olhv dw e ￿5VOV
91
81 Frqvlghu wkh vhqvlwlylw| ri wkh pdujlqdo srvwhulru ri ￿ dv vxshu xrxv lqvwuxphqwv duh dgghg wr wkh prgho1
Zkhq p @ 5> zh fdq dqdo|wlfdoo| frqvwuxfw wkh frqglwlrqdo srvwhulru ri ￿ jlyhq +$44=5>!>￿55,>
sE5V






































> vhh dsshqgl{ F:1 Wkh prphqwv ri wkh frqglwlrqdo srv0
whulru ri ￿ lq +5<, h{lvw xs wr lqfoxglqj wkh ghjuhh ri ryhulghqwl￿fdwlrq1 Vlqfh wkh pdujlqdo srvwhulru iru
+$44=5>!>￿55, lv ￿qlwh hyhu|zkhuh/ dv lw fdq eh ghfrpsrvhg lqwr wkh surgxfw ri d frqglwlrqdo srvwhulru ri !
jlyhq +$44=5>￿55,> zklfk lv qrupdo/ dqg pdujlqdo srvwhulruv ri $44=5 dqg ￿55> zklfk duh lqyhuwhg0Zlvkduw/
xvlqj d ghfrpsrvlwlrq vlplodu dv wkh rqh xvhg wr rewdlq +57,0+59,/ lw iroorzv wkdw wkh prphqwv ri wkh
pdujlqdo srvwhulru ri ￿ h{lvw xs wr lqfoxglqj wkh ghjuhh ri ryhulghqwl￿fdwlrq1 Wkh orfdwlrq ri wkh prgh ri
wkh Vwxghqw0w nhuqho lq wkh frqglwlrqdo srvwhulru ri ￿ fruuhvsrqgv zlwk wkh dv|pswrwlf eldv ri a ￿5VOV lq wkh
fdvh ri zhdn lqvwuxphqwv/ vhh Vwdljhu dqg Vwrfn +4<<:,/ dqg dovr dsshduv lq wkh vpdoo vdpsoh glvwulexwlrq ri
a ￿5VOV/ vhh Skloolsv +4<;6,1 Vr/ zkhq vxshu xrxv lqvwuxphqwv duh dgghg wr wkh prgho lw lv h{shfwhg wkdw wkh
srvwhulru prgh pryhv lq wkh gluhfwlrq ri wkh prgh ri wkh Vwxghqw0w nhuqho/ !> dqg wkh wdlov ri wkh srvwhulru
ghfuhdvh1 Erwk wkhvh skhqrphqd duh irxqg lq wkh pdujlqdo srvwhulru ri ￿ xvlqj wkh Guº}h dssurdfk dqg lq
wkh vpdoo vdpsoh glvwulexwlrq ri a ￿5VOV=
Wr looxvwudwh vrph ri wkh surshuwlhv ri wkh E5V dssurdfk dqg wr frqwudvw lw zlwk wkh Guº}h dssurdfk/ zh
frpsxwhg wkh pdujlqdo srvwhulruv ri ￿ iru wkh vdph vlpxodwhg gdwdvhwv dv xvhg iru wkh Guº}h dssurdfk dqg wkhvh
srvwhulruv duh vkrzq lq ￿jxuhv 70:;1 Wkh E5V srvwhulru ehkdyhv yhu| vlplodu wr wkh Guº}h srvwhulru uhjdugohvv ri
9Zh fdqqrw gluhfwo| dsso| wkh deryh dqdo|vlv iru wkh pdujlqdo srvwhulru phdq ehfdxvh wkh phdq ri wkh pdujlqdo srvwhulru/ zkhq
lw h{lvwv/ grhv qrw htxdo wkh phdq ri wkh frqglwlrqdo srvwhulru hydoxdwhg dw wkh phdq ri wkh frqglwlrqlqj sdudphwhu1
:Iru 6:2c zh fdqqrw frqvwuxfw wkh frqglwlrqdo srvwhulru ri q jlyhq l dqdo|wlfdoo| exw zh fdq vwloo suryh wkdw lw kdv ￿qlwh
prphqwv xs wr lqfoxglqj wkh ghjuhh ri ryhulghqwl￿fdwlrq1
;Vlqfh wkh vdpsoh vl}h iru wkhvh gdwdvhwv lv uhdvrqdeo| odujh dqg wkh wuxh ydoxh ri wkh fryduldqfh pdwul{ P lv txlwh vpdoo/ wkh
frqglwlrqdo srvwhulru ri q jlyhq lc iru l’ ￿
A t ￿tc lv dssur{lpdwho| htxdo wr lwv pdujlqdo srvwhulru wkdw lv frqvwuxfwhg e| vlpxodwlqj
E/￿￿￿2c￿cl22￿ iurp +63,/ zklfk lv vwdqgdug vlqfh doo lqyroyhg ghqvlwlhv duh vwdqgdug/ dqg frqvwuxfwlqj wkh dyhudjh ydoxh ri +5<, iru
doo jhqhudwhg E/￿￿￿2c￿cl22￿*v1 Wklv uhvxowv ehfdxvh t ￿t lv wkh vfdoh pdwul{ ri wkh pdujlqdo srvwhulru ri E/￿￿￿2c￿cl22￿￿￿ Zh wkhuhiruh
rqo| frqvlghu wkh frqglwlrqdo srvwhulru ri q jlyhq l iru l’ ￿
A t ￿t￿
<lqvwuxphqw txdolw| dqg wkh qxpehu ri vxshu xrxv lqvwuxphqwv1 Wkh wdlov ri wkh E5V srvwhulruv duh d elw wklqqhu
wkdq wkh Guº}h srvwhulruv dqg wkh prgh ri wkh E5V srvwhulru lv vrphzkdw forvhu wr e ￿5VOV wkdq wkh prgh ri wkh
Guº}h srvwhulru1
Zh frqfoxgh wkdw qhlwkhu wkh Guº}h qru wkh E5V dssurdfk duh frxqwhusduwv wr fodvvlfdo OLPO dqg wkh E5V
dssurdfk kdv pruh surshuwlhv lq frpprq zlwk fodvvlfdo 5VOV wkdq wkh Guº}h dssurdfk1 Wr frqvwuxfw wkh Ed|hvldq
dqdorj ri OLPO/ zh qhhg wr frqvlghu krz wkh OLPO hvwlpdwru lv rewdlqhg dqg iroorz wkh vdph surfhgxuh lq d
Ed|hvldq vhwwlqj1 Wkh OLPO hvwlpdwru lv rewdlqhg e| vroylqj wkh hljhqydoxh sureohp +43, zklfk lv hvvhqwldoo|
vshfl￿hg lq wkh XUI1 Lq wkh iroorzlqj vhfwlrq/ zh wkhuhiruh h{solflwo| vshfli| wkh UUI dv d uhvwulfwlrq ri wkh XUI
wr rewdlq d Ed|hvldq dqdorj ri OLPO1
8 Hqfrpsdvvlqj Prgho Shuvshfwlyhv
Wkh qrqolqhdu UUI vshfl￿fdwlrq ri wkh VHP +6, lv qhvwhg zlwklq wkh olqhdu XUI +hqfrpsdvvlqj olqhdu prgho,/














vr wkh UUI fdq eh frqvlghuhg dv d uhvwulfwlrq rq wkh sdudphwhuv ri wkh XUI1 Fruuhvsrqglqjo|/ zh fdq frqvlghu
wkh pd{lpxp olnholkrrg hvwlpdwru ri wkh sdudphwhuv ri wkh UUI/ l=h= wkh OLPO hvwlpdwru/ lq whupv ri d uhvwulfwlrq
lpsrvhg rq wkh pd{lpxp olnholkrrg hvwlpdwru ri wkh XUI/ l=h= wkh ohdvw vtxduhv hvwlpdwru1 Wklv uhvxowv iurp wkh
￿uvw rughu frqglwlrq +IRF, iru d pd{lpxp ri wkh olnholkrrg1 Ghshqglqj rq wkh frqvlghuhg vwdwlvwlfdo sdudgljp/
hlwkhu wkh sdudphwhuv/ lq wkh Ed|hvldq sdudgljp/ ru wkh hvwlpdwruv/ lq wkh fodvvlfdo sdudgljp/ fdq eh frqvlghuhg
dv +uhdol}dwlrqv ri, udqgrp yduldeohv1 Wkh ghqvlw| ri wkhvh udqgrp yduldeohv lq wkh UUI/ hlwkhu wkh sdudphwhuv
ru wkh hvwlpdwruv/ fdq wkhq eh frqvlghuhg wr eh sursruwlrqdo wr wkh frqglwlrqdo ghqvlw| ri wkh udqgrp yduldeohv lq
XUI jlyhq wkdw wkh XUI htxdov wkh UUI ru/ htxlydohqwo|/ wkdw wkh uhvwulfwlrq lpsolhg e| wkh IRF lv vdwlv￿hg1 Dv
vkrzq lq Nohlehujhq +4<<;,/ lq rughu wr frqgxfw vxfk dq dqdo|vlv lw lv qhfhvvdu| wkdw wkh uhvwulfwlrq xsrq zklfk
zh frqglwlrq fdq eh uhsuhvhqwhg lq dq xqdpeljxrxv zd| zklfk lpsolhv wkdw wkh frqglwlrqdo ghqvlwlhv lqyroyhg duh
xqltxho| gh￿qhg1
Zkhq wkh udqgrp yduldeohv duh hvwlpdwruv/ dv lq fodvvlfdo dqdo|vlv/ zh fdq frqgxfw wkh iroorzlqj dqdo|}hv=
￿ Jlyhq wkh ghqvlw| ri wkh ohdvw vtxduhv hvwlpdwru ri wkh sdudphwhuv ri wkh XUI/ zh fdq frqvwuxfw wkh ghqvlw|
ri wkh OLPO hvwlpdwru ri wkh sdudphwhuv ri wkh UUI wkurxjk wkh uhvwulfwlrq lpsolhg e| wkh IRF rq wkh
udqgrp yduldeoh uhsuhvhqwlqj wkh ohdvw vtxduhv hvwlpdwru1
￿ Jlyhq wkh olplwlqj ehkdylru ri wkh ohdvw vtxduhv hvwlpdwru ri wkh sdudphwhuv ri wkh XUI/ zh fdq frqvwuxfw
wkh olplwlqj ehkdylru ri wkh OLPO hvwlpdwru ri wkh sdudphwhuv ri wkh UUI wkurxjk wkh uhvwulfwlrq lpsolhg
e| wkh IRF rq wkh udqgrp yduldeoh uhsuhvhqwlqj wkh olplwlqj ehkdylru ri wkh ohdvw vtxduhv hvwlpdwru1
D qryho ihdwxuh ri wkh deryh dqdo|vlv lv wkdw wkh ghulyhg ￿qlwh vdpsoh ghqvlw| ri wkh OLPO hvwlpdwru fdq eh
xvhg wr rewdlq wkh sulru zklfk zrxog fruuhvsrqg zlwk OLPO zkhq xvhg lq d Ed|hvldq dqdo|vlv1 Zh frqvwuxfw wklv
vpdoo vdpsoh ghqvlw| lq vhfwlrq 815 dqg xvh lw wr vkrz wkdw wkh Ed|hvldq dqdorjxh ri OLPO uhvxowv iurp xvlqj wkh
Mh￿uh|v* sulru ghulyhg iurp wkh UUI +ru VI, prgho1
Zkhq wkh udqgrp yduldeohv duh sdudphwhuv/ dv lq Ed|hvldq dqdo|vlv/ wkh sulruv dqg srvwhulruv ri wkh sdudphwhuv
ri wkh UUI uhvxow iurp wkh frqglwlrqdo sulru dqg srvwhulru ri wkh sdudphwhuv ri wkh XUI jlyhq wkdw wkh uhvwulfwlrq
zklfk pdnhv wkh XUI htxdo wr wkh UUI lv vdwlv￿hg1 Wklv doorzv xv wr frqgxfw wkh iroorzlqj h{huflvhv=
￿ Jlyhq wkdw fodvvhv ri sulruv iru wkh sdudphwhuv ri wkh olqhdu XUI h{lvw zkrvh surshuwlhv duh zhoo0nqrzq/
wkhvh sulruv fdq eh h{whqghg wr wkh sdudphwhuv ri wkh UUI e| frqvlghulqj wkhp dv sursruwlrqdo wr wkh
frqglwlrqdo sulru ri wkh sdudphwhuv ri wkh XUI jlyhq wkdw wkh +xqdpeljxrxv, uhvwulfwlrq zklfk lpsolhv
htxdolw| ri wkh XUI dqg UUI krogv1
￿ Jlyhq d sulru vshfl￿hg rq wkh sdudphwhuv ri wkh UUI/ zh fdq frqvwuxfw wkh fodvv ri sulruv rq wkh sdudphwhuv
ri wkh XUI zklfk ohdg wr wkh vshfl￿hg sulru rq wkh sdudphwhuv ri wkh UUI1
43Vlqfh wkh UUI lv qrqolqhdu lq lwv sdudphwhuv/ lw lv qrw reylrxv krz wkh sulru lv xsgdwhg xvlqj wkh olnholkrrg wr
rewdlq wkh pdujlqdo srvwhulruv dqg vr lw lv gl!fxow wr dvvhvv wkh lq xhqfh ri wkh sulru rq wkh pdujlqdo srvwhulruv1
Wkh XUI/ rq wkh rwkhu kdqg/ lv olqhdu dqg vr doo surshuwlhv ri lwv sulru duh uh hfwhg lq wkh pdujlqdo srvwhulruv
ri lwv sdudphwhuv1 Khqfh/ wkh h{huflvhv ghvfulehg deryh jlyh xv d zd| wr ghwhuplqh wkh sodxvlelolw| ri wkh sulru
vshfl￿hg rq wkh sdudphwhuv ri wkh UUI1
814 Xqdpeljxrxv Frqglwlrqlqj lq wkh XUI wr rewdlq wkh UUI
Lq wkh XUI/ udqn+￿, @ p zkhuhdv lq wkh UUI udqn+￿, @ udqn+￿E,@p￿4> khqfh/ wkh UUI lpsrvhv d uhgxfhg
udqn uhvwulfwlrq rq ￿= Wkh udqn ri d pdwul{ lv uhsuhvhqwhg e| wkh qxpehu ri qrq}hur vlqjxodu ydoxhv/ zklfk duh
jhqhudol}hg hljhqydoxhv ri qrq0v|pphwulf pdwulfhv/ vhh Jroxe dqg ydq Ordq +4<;<,1 Wkh vlqjxodu ydoxhv uhvxow
iurp wkh vlqjxodu ydoxh ghfrpsrvlwlrq/
￿@XVY 3> +65,
zkhuh X dqg Y duh n ￿n dqg p￿ p pdwulfhv vxfk wkdw X3X ￿ Ln dqg Y 3Y ￿ Lp> dqg V lv d n ￿p uhfwdqjxodu
pdwul{ zklfk frqwdlqv wkh qrqqhjdwlyh vlqjxodu ydoxhv lq ghfuhdvlqj rughu rq lwv pdlq gldjrqdo +@+ v44===vpp,,
dqg lv htxdo wr }hur hovhzkhuh1 Khqfh/ wkh uhgxfhg udqn uhvwulfwlrq wkdw wkh UUI lpsrvhv rq wkh XUI lv wkh
uhvwulfwlrq wkdw wkh vpdoohvw vlqjxodu ydoxh ri wkh XUI sdudphwhu pdwul{ ￿ lv htxdo wr }hur1
Lw lv frqyhqlhqw wr uhsuhvhqw wkh udqn uhvwulfwlrq rq ￿ xvlqj wkh vshfl￿fdwlrq
￿@￿ E . ￿B￿EB> +66,
zkhuh ￿B lvdn ￿ g pdwul{ vxfk wkdw ￿3￿B ￿ 3 dqg ￿3
B￿B ￿ Lg> EB lv d 4 ￿ p yhfwru vxfk wkdw EE3
B ￿ 3>
EBE3
B ￿ 4> dqg ￿ lv d g ￿ 4 yhfwru wr eh vshfl￿hg1 ￿B dqg EB fdq eh frqvwuxfwhg iurp wkh hohphqwv ri ￿ dqg
















￿3 zlwk ￿4 =+ p ￿ 4, ￿ +p ￿ 4,>






<= Wkh uhsuhvhqwdwlrq +66, lv dq xquhvwulfwhg vshfl￿fdwlrq ri

















zkhuh X44>V 4>Y 54 duh +p ￿ 4, ￿ +p ￿ 4, pdwulfhv> y45 lv 4 ￿ 4> y3
44> y55 duh +p ￿ 4, ￿ 4 yhfwruv/ X45>X 54> dqg
X55 duh +p￿4,￿g> g￿+p￿4, dqg g ￿g pdwulfhv dqg v5 lv d g￿4 yhfwru= H{solflw h{suhvvlrqv iru ￿> ￿ dqg ￿















Wkh vshfl￿fdwlrq ri ￿ lq +68, lv vxfk wkdw ￿ lv dq ruwkrjrqdo wudqvirupdwlrq ri wkh vpdoohvw vlqjxodu ydoxh frqwdlqhg
lq v51 Wkh Mdfreldq ri wkh wudqvirupdwlrq iurp v5 wr ￿ lv wkhuhiruh htxdo wr rqh dqg lv lqghshqghqw ri wkh rwkhu
sdudphwhuv dv zhoo dv wkh gdwd1 Uhvwulfwlqj wkh vpdoohvw vlqjxodu ydoxh wr }hur lv wkxv htxlydohqw wr uhvwulfwlqj ￿
wr }hur dqg/ wkhuhiruh/ wkh UUI lv rewdlqhg iurp wkh xquhvwulfwhg vshfl￿fdwlrq ri ￿ lq +66, zkhq ￿ @3 = Zh qrwh
wkdw pdq| rwkhu uhsuhvhqwdwlrqv ri ￿ fdq eh frqvwuxfwhg zklfk ohdg wr wkh UUI zkhq d fhuwdlq sdudphwhu lv
uhvwulfwhg/ exw wklv sdudphwhu qhhgv wr eh dq +lqyhuwleoh ixqfwlrq ri dq, ruwkrjrqdo wudqvirupdwlrq ri wkh vpdoohvw
vlqjxodu ydoxh wr uhsuhvhqw wkh udqn uhgxfwlrq lpsrvhg e| wkh UUI lq dq xqdpeljxrxv zd|1
Vlqfh wkh uhvwulfwlrq ￿ @ 3 uhsuhvhqwv wkh udqn uhgxfwlrq lpsrvhg e| wkh UUI rq wkh sdudphwhuv ri wkh XUI
lq dq xqdpeljxrxv zd|/ wkh srvwhulru ri wkh sdudphwhuv ri wkh UUI lv htxdo wr wkh frqglwlrqdo srvwhulru ri wkh
sdudphwhuv ri wkh XUI jlyhq wkdw wkh vpdoohvw vlqjxodu ydoxh/ ru htxlydohqwo| ￿> lv htxdo wr }hur1 Dv vkrzq lq
Nohlehujhq +4<<;,/ frqglwlrqdo ghqvlwlhv duh xqltxho| gh￿qhg zkhq wkh hyhqw xsrq zklfk zh zdqw wr frqglwlrq/
khuh ￿ @ 3> lv vxfk wkdw wkh ruljlqdo udqgrp yduldeoh/ lq rxu fdvh ￿> fdq eh uhsuhvhqwhg dv dq lqyhuwleoh ixqfwlrq ri
wzr rwkhu udqgrp yduldeohv zkhuh wkh iroorzlqj frqglwlrqv krog= +l=, Wkh hyhqw xsrq zklfk zh zdqw wr frqglwlrq
lv htxlydohqw wr wkh ￿uvw udqgrp yduldeoh ehlqj htxdo wr }hur> +ll=, Jlyhq wkdw wkh vhfrqg udqgrp yduldeoh doorzv
<Ohw ’ eh dq ?f? v|pphwulf pdwul{ zlwk vshfwudo ghfrpsrvlwlrq ’ ’ ￿\￿ ￿ zkhuh ￿ lv dq ?f? ruwkrjrqdo pdwul{ ri hljhqyhfwruv





44iru lw/ zh fdq xqltxho| vroyh iru wkh ruljlqdo udqgrp yduldeoh iru doo ydoxhv ri wkh ￿uvw udqgrp yduldeoh hyhq rq
doo ri lwv orzhu glphqvlrqdo vxevhwv1 Wkhvh frqglwlrqv hqvxuh wkdw wkh ￿uvw udqgrp yduldeoh rqo| uhsuhvhqwv wkh
hyhqw xsrq zklfk zh zdqw wr frqglwlrq dqg qrwklqj hovh dqg/ dv d frqvhtxhqfh/ wkh Eruho0Nroprjrury sdudgr{/
vhh h1j1 Nroprjrury +4<83,/ Guº}h dqg Ulfkdug +4<;6, dqg Srlulhu +4<<8,/ lv dyrlghg1 Lq rxu fdvh/ wklv ￿uvw
udqgrp yduldeoh fruuhvsrqgv zlwk wkh vpdoohvw vlqjxodu ydoxh +htxlydohqwo| ￿, dqg wkh hyhqw xsrq zklfk zh zdqw
wr frqglwlrq lv wkdw wkh vpdoohvw vlqjxodu ydoxh lv htxdo wr }hur +htxlydohqwo|/ ￿ @3 , = Vr/ wkh sulru dqg srvwhulru
ri wkh sdudphwhuv ri wkh UUI duh sursruwlrqdo wr wkh frqglwlrqdo sulru dqg srvwhulru ri wkh sdudphwhuv ri wkh
XUI jlyhq wkdw ￿ @3=
sUUI+￿>￿>￿m\>[, 2 sXUI+￿>￿>￿>￿m\>[,m￿@3 +69,
2 sXUI+￿+￿>￿>￿,>￿m\>[,m￿@3mM+￿>+￿>￿>￿,,m￿@3m>
zkhuh m￿@3 ghqrwhv hydoxdwhg dw ￿ @ 3 dqg M+￿>+￿>￿>￿,, lv wkh Mdfreldq ri wkh wudqvirupdwlrq iurp ￿ wr
+￿>￿>￿,= Wkh Mdfreldq lq wkh deryh h{suhvvlrq lv frqvwuxfwhg lq Nohlehujhq dqg ydq Glmn +4<<;, dqg Nohlehujhq
+4<<;, dqg lv jlyhq e|
M+￿>+￿>￿>￿,,m￿@3 @
￿




zkhuh h4 lv wkh ￿uvw froxpq ri Lp dqg EB dqg ￿B duh gh￿qhg ehorz +^B‘,1 Qrwh wkdw zkhq zh gluhfwo| vshfli| d
sulru rq wkh sdudphwhuv ri wkh UUI/ wkh uhodwlrqvkls lq +69, fdq eh lqyhuwhg wr jlyh wkh +lpsolhg, sulru rq wkh
sdudphwhuv ri wkh XUI1 Vlqfh wkh XUI lv d olqhdu prgho/ doo surshuwlhv ri lwv sdudphwhuv* sulruv duh uh hfwhg lq
lwv sdudphwhuv* pdujlqdo srvwhulruv dqg vr wkh irup ri wkh sulru rq wkh sdudphwhuv ri wkh XUI lpsolhg e| wkh
sulru ri wkh UUI jlyhv xv d phdqv wr dqdo|}h wkh sodxvlelolw| ri wkh sulru vshfl￿hg rq wkh sdudphwhuv ri wkh UUI1
815 H{dfw Ilqlwh Vdpsoh Ghqvlw| ri wkh OLPO Hvwlpdwru dqg wkh Mh￿uh|v* Sulru
Wkh vshfl￿fdwlrq ri wkh UUI dv d uhgxfhg udqn uhvwulfwlrq ri wkh XUI dqg wkh dydlodelolw| ri xqltxh frq0
glwlrqdo ghqvlwlhv doorzv iru wkh frqvwuxfwlrq ri wkh h{dfw ￿qlwh vdpsoh ghqvlw| ri wkh OLPO hvwlpdwru iru
* @ +yhf+￿,3>yhf+￿,3,31 Ixuwkhupruh/ wkh irup ri wklv mrlqw ghqvlw| uhyhdov wkh sulru zklfk zkhq xvhg lq d
Ed|hvldq dqdo|vlv fruuhvsrqgv zlwk wkh OLPO hvwlpdwru1 Wkh dqdo|vlv surfhhgv dv iroorzv1
E| gh￿qlwlrq/ wkh OLPO hvwlpdwru ri * vdwlv￿hv wkh IRF iru d pd{lpxp ri wkh UUI olnholkrrg=




￿￿ ￿ ￿ ￿
*@a *OLPO
@ 3 +6;,
zkhuh i+*,@￿ E= Xvlqj a ￿ROV @ +[3[,￿4[3\ dqg V @ [3[> +6;, fdq eh htxlydohqwo| uhsuhvhqwhg dv


























Wuhdwlqj a ￿ROV dv d uhdol}dwlrq ri d udqgrp yduldeoh zlwk d nqrzq ghqvlw| ixqfwlrq/ wkh h{dfw ghqvlw| ri a *OLPO
fdq eh rewdlqhg e| uhfrjql}lqj wkdw wkh IRF +6<, pxvw krog iru doo uhdol}dwlrqv ri wkh udqgrp yduldeoh a ￿@
V
4
5 a ￿ROV￿￿ 4
5= Lq sduwlfxodu/ wkh IRF lv dozd|v vdwlv￿hg rqo| zkhq wkh a *OLPO uhvxowv iurp d gudzlqj ri wkh
udqgrp yduldeoh a ￿ xqghu wkh frqglwlrq wkdw
V
4




5 ￿ 3 / +73,






5 a ￿OLPO a EOLPO￿￿ 4
5 lv dq lqyhuwleoh uhodwlrqvkls ehwzhhq # dqg * dqg # kdv
dq lqyhuwleoh uhodwlrqvkls zlwk *> dqg lv wkxv ri wkh vdph glphqvlrq/ zklfk lv lpsolflwo| gh￿qhg e| +73,1 Zh fdq
qrz frqvwuxfw wkh h{dfw ￿qlwh vdpsoh ghqvlw| ri a *OLPO iurp wkh ghqvlw| ri a #> zklfk lv wkh xqltxh frqglwlrqdo
ghqvlw| ri a ￿ jlyhq wkdw +73, krogv431
43Qrwlfh wkdw wkh uhvwulfwlrq iurp wkh IRF lv lpsrvhg rq wkh qrupdol}hg udqgrp yduldeoh ￿ Xc zklfk kdv xqlw fryduldqfh pdwul{/
lqvwhdg ri wkh udqgrp yduldeoh ￿ x￿u7c zklfk kdv jhqhudo fryduldqfh pdwul{/ vlqfh wkh hvwlpdwruv duh zhljkwhg e| wkhlu fryduldqfh
pdwulfhv lq wkh olnholkrrg1 Dovr qrwh wkdw wklv zd| ri frqvwuxfwlqj wkh vpdoo vdpsoh ghqvlw| ri e )uU￿u h{sorlwv wkh surshuw| wkdw
e )uU￿u vdwlv￿hv wkh IRF dqg lv qrw edvhg rq d forvhg irup h{suhvvlrq iru e )uU￿uc zklfk lv wkh wudglwlrqdo zd| ri frqvwuxfwlqj wkh
vpdoo vdpsoh ghqvlw|/ vhh h1j1 Pduldqr dqg Vdzd +4<:5, dqg Skloolsv +4<;6,1





a ￿m￿ ￿ q+￿3>Lp ￿Ln,> zkhuh ￿3 @ V
4
5￿3￿￿ 4
5> dqg dq h{suhvvlrq iru lwv ghqvlw| lv
















lv dq +p ￿4, ￿ p pdwul{1 Wkhq
u+a #,@a ￿ a G @ V
4
5 a ￿OLPO a EOLPO￿￿ 4
5 @ V
4



















5 a ￿OLPO a EOLPO￿5= Wkh devroxwh ydoxh ri wkhMdfreldq ri wkh wudqvirupdwlrq iurp +a ￿>a ￿, wr +a ￿OLPO> a ￿OLPO,>





a ￿OLPO> a ￿OLPO
￿￿￿ ￿ ￿ @






￿ ￿ ￿ ￿$3
4
￿













Wkh ghqvlw| ri wkh hvwlpdwruv +a ￿>a ￿, jlyhq ￿ lv wkhq sursruwlrqdo wr wkh frqglwlrqdo ghqvlw| ri a ￿ jlyhq wkdw a ￿ kdv
udqn p￿ 4= Wklv udqn uhvwulfwlrq fdq eh lpsrvhg xvlqj d vshfl￿fdwlrq ri a ￿ olnh +66,/
a ￿@a ￿ a G . a ￿Ba ￿ a GB> +76,
zkhuh a ￿> a ￿> a ￿ uhvxow iurp d vlqjxodu ydoxh ghfrpsrvlwlrq ri a ￿ olnh +65, xvlqj wkh uhodwlrqv lq +68,/ zkhuh wkh
sdudphwhuv duh fkdqjhg dssursuldwho|/ dqg lpsrvlqj a ￿ @ 3= Wkh ghqvlw| ri +a ￿>a ￿, xqghu wkh uhgxfhg udqn uhvwulfwlrq
lv wkhq
s+a ￿>a ￿m￿, 2 s+a ￿m￿,mudqn+a ￿,@p￿4 +77,
2 s+a ￿+a ￿>a ￿>a ￿,m￿,ma ￿@3mM+a ￿>+a ￿>a ￿>a ￿,,ma ￿@3m
2
￿ ￿ ￿ ￿ ￿
#
a G a G3 ￿Ln a ￿ ￿ a ￿
a ￿
3
￿ a ￿3 a ￿3a ￿










a ￿ a G ￿￿3
￿3 ￿
a ￿ a G ￿ ￿3
￿￿￿
2
￿ ￿ ￿a ￿3a ￿
￿ ￿ ￿
4













a ￿ a G ￿￿3
￿3￿
a ￿ a G ￿￿3
￿￿￿
2
￿ ￿ ￿a ￿3a ￿
￿ ￿ ￿
4











a ￿ a G ￿ ￿3
￿3 ￿
a ￿ a G ￿ ￿3
￿￿￿
>
zkhuh wkh Mdfreldq M+a ￿>+a ￿>a ￿>a ￿,,ma ￿@3 lv lghqwlfdo wr +6:, zlwk ￿ uhsodfhg e| a ￿> E e| a G dqg ￿ e| a ￿1 Wkh ghqvlw|
ri +a ￿OLPO> a ￿OLPO, qrz uhvxowv iurp wkh ghqvlw| ri +a ￿>a ￿, e| wudqviruplqj +a ￿>a ￿, wr +a ￿OLPO> a ￿OLPO,> vhh dsshqgl{
E/
s+a ￿OLPO> a ￿OLPOm￿, 2
￿ ￿ ￿ ￿
￿ a EOLPO￿￿4 a E3
OLPO ￿ V h3
4￿￿4 a E3
OLPO ￿ a ￿3
OLPOV
a EOLPO￿￿4h3
4 ￿Va ￿OLPO h3
4￿￿4h4 ￿ a ￿3
OLPOVa ￿OLPO

















a ￿OLPO a EOLPO ￿ ￿3E3
￿￿￿
=
Lq Nohlehujhq +4<<;,/ wkh mrlqw ghqvlw| ri +a ￿OLPO> a ￿OLPO, lv dqdo|}hg ixuwkhu wr frqvwuxfw wkh frqglwlrqdo ghqvlw|
ri a ￿OLPO jlyhq ￿ zklfk lv vkrzq wr eh vlplodu lq irup wr wkh sro|qrpldo h{suhvvlrq jlyhq lq Pduldqr dqg Vdzd
+4<:5,=
Wkh irup ri wkh ghqvlw| ri +a ￿OLPO> a ￿OLPO, lq +78, lpphgldwho| uhyhdov wkh sulru wkdw zkhq xvhg lq d Ed|hvldq
dqdo|vlv jlyhv d srvwhulru wkdw fruuhvsrqgv zlwk wkh OLPO hvwlpdwru1 Zkhq zh qdpho| fkdqjh +a ￿OLPO> a ￿OLPO,
46wr +￿>￿, dqg ￿3E3 wr a ￿> wkh ghqvlw| +78, fdq eh frqvlghuhg dv wkh frqglwlrqdo srvwhulru iru +￿>￿, jlyhq ￿= Wkh
h{srqhqw whup wkhq fruuhvsrqgv zlwk wkh olnholkrrg ri +￿>￿, jlyhq ￿> dqg wkh sduw lq iurqw ri wkh h{srqhqw whup




￿ ￿ ￿ ￿
￿
E￿￿4E3 ￿ Vh 3
4￿￿4E3 ￿￿3V
E￿￿4h3
4 ￿ V￿ h3
4￿￿4h4 ￿￿3V￿




dqg lv/ lq idfw/ wkh Mh￿uh|v* sulru frqglwlrqdo rq ￿ ghulyhg iurp wkh UUI vlqfh lw lv sursruwlrqdo wr wkh vtxduh
urrw ri wkh ghwhuplqdqw ri wkh lqirupdwlrq pdwul{/ vhh dsshqgl{ G1 Iru wkh h{dfwo| lghqwl￿hg fdvh/ Fkdr dqg
Skloolsv +4<<;, rewdlq wkh vdph uhvxow e| vkrzlqj wkdw wkh srvwhulru ghulyhg iurp wkh Mh￿uh|v sulru kdv wkh vdph
irup dv wkh h{dfw ghqvlw| ri e ￿OLPO1 Rxu uhvxow lq +78, vkrzv wkdw wklv uhodwlrqvkls krogv pruh jhqhudoo| iru wkh
ryhulghqwl￿hg fdvh1
9 Ed|hvldq Dssurdfk Xvlqj wkh Mh￿uh|v* Sulru rq wkh UUI
Xvlqj wkh frqglwlrqdo Mh￿uh|v* sulru +79, dqg wkh gl￿xvh sulru sUUI+￿, 2 m￿m￿ 4
5+p.4,> ohdgv wr wkh srvwhulru
s
Mhi
UUI+￿>￿>￿m\>[, 2m ￿m￿ 4
5+W.p.4,
￿ ￿ ￿ ￿
￿
E￿￿4E3 ￿ [3[ h3
4￿￿4E3 ￿ ￿3[3[
E￿￿4h3
4 ￿ [3[￿ h3
4￿￿4h4 ￿￿3[3[￿







wu+￿￿4+\ ￿[￿E,3+\ ￿ [￿E,,‘=
Wklv srvwhulru kdv udwkhu gl￿huhqw surshuwlhv wkdq wkh srvwhulru uhvxowlqj iurp wkh Guº}h dqg Ed|hvldq Wzr
Vwdjh Dssurdfkhv1 Iluvw/ wkh Mh￿uh|v* sulru lv nqrzq wr ohdg wr srvwhulruv zklfk duh lqyduldqw zlwk uhvshfw
wr wudqvirupdwlrqv ri wkh sdudphwhuv dqg vr wkh srvwhulru +7:, lv lqyduldqw zlwk uhvshfw wr wkh rughulqj ri wkh
yduldeohv lq \ dqg [= Vhfrqg/ iru wkh fdvh p @ 5 zh fdq frqvwuxfw dq dqdo|wlfdo h{suhvvlrq iru wkh frqglwlrqdo
srvwhulru ri ￿ jlyhq ￿ dqg wkh pdujlqdo srvwhulru ri ￿> vhh dsshqgl{ F/
s
Mhi



































wu+￿￿4\ 3\ ,‘= +7<,
Wkh pdujlqdo srvwhulru ri ￿ lv dq lqyhuwhg0Zlvkduw ghqvlw| dqg lv dozd|v ￿qlwh vr wkdw wkh prphqwv ri wkh
pdujlqdo srvwhulru ri ￿ h{lvw xs wr wkh vdph rughu dv wkh prphqwv ri wkh frqglwlrqdo srvwhulru ri ￿ jlyhq ￿1 Wkh
frqglwlrqdo srvwhulru ri ￿ jlyhq ￿ kdv Fdxfk|0w|sh wdlov vxfk wkdw qr ￿qlwh prphqwv ehvlghv wkh glvwulexwlrq h{lvw1
Khqfh wkh qxpehu ri prphqwv ri wkh srvwhulru lv qrw lq xhqfhg e| wkh dgglwlrq ri vxshu xrxv lqvwuxphqwv1 Wkh
frqglwlrqdo srvwhulru +7;, frqvlvwv ri rqh lq￿qlwh vxp dqg wkh h{suhvvlrq lv wkhuhiruh vlpsohu wkdq wkh h{suhvvlrq
jlyhq lq Fkdr dqg Skloolsv +4<<;, zklfk frqvlvwv ri d grxeoh lq￿qlwh vxp1 Ixuwkhupruh/ zh dovr rewdlqhg wkh
h{suhvvlrq ri wkh pdujlqdo srvwhulru ri ￿ +7<, zklfk lv qrw jlyhq lq Fkdr dqg Skloolsv +4<<;, vxfk wkdw lw lv
xqnqrzq zklfk ydoxhv ri ￿ duh sodxvleoh wr xvh lq wkhlu h{suhvvlrq ri wkh frqglwlrqdo srvwhulru ri ￿ jlyhq ￿=
Wkh lqvhqvlwlylw| ri wkh srvwhulru ri ￿ wr wkh dgglwlrq ri vxshu xrxv lqvwuxphqwv fdq eh h{sodlqhg e| h{solflwo|
frqvlghulqj wkh gl￿huhqw vwhsv wkdw duh lpsolflwo| frqgxfwhg zkhq xvlqj wkh Mh￿uh|v* sulru1 Wkh Mh￿uh|v* sulru fdq
eh wkrxjkw ri dv uhvxowlqj iurp d wkuhh vwhs surfhgxuh zklfk duh lghqwlfdo wr wkh rqhv frqgxfwhg lq wkh suhylrxv
vxevhfwlrq wr rewdlq wkh vpdoo vdpsoh ghqvlw| ri wkh OLPO hvwlpdwru44=




5 . Y> +83,
zkhuh ￿ @+ [3[,
4
5￿￿￿ 4
5> ￿@+ [3[,￿ 4
5￿￿
4
5 dqg d  dw sulru lv vshfl￿hg rq ￿ vxfk wkdw s+￿m￿, 2 4=
44Wkh wkuhh vwhs surfhgxuh vkrzv wkdw wkh Mh￿uh|v* sulru lv gdwd0gulyhq dqg wkhuhiruh ylrodwhv wkh olnholkrrg sulqflsoh1
4751 Xvlqj d vlqjxodu ydoxh ghfrpsrvlwlrq/ wkh frqglwlrqdo srvwhulru ri ￿ jlyhq udqn+￿, @ p￿4 lv frqvwuxfwhg
e| vshfli|lqj ￿ dv





dqg ￿B/ GB dqg ￿ duh frqvwuxfwhg dqdorjrxvo| wr wkh pdwulfhv lq +66,/ dqg qrwlqj
wkdw wkh uhgxfhg udqn uhvwulfwlrq rq ￿ lv htxlydohqw wr wkh uhvwulfwlrq ￿ @3 1 Xvlqj dujxphqwv vlplodu wr






















Wkh Mh￿uh|v* sulru lv qrz mxvw wkh whup lq iurqw ri wkh olnholkrrg lq wkh vshfl￿fdwlrq ri wkh srvwhulru1
Wkh deryh wkuhh vwhs surfhgxuh vkrzv wkdw wkh srvwhulru edvhg rq wkh Mh￿uh|v* sulru uhvxowv iurp dqdo|}lqj wkh
srvwhulru ri wkh sdudphwhuv ri d qhvwhg prgho dv wkh frqglwlrqdo srvwhulru ri wkh sdudphwhuv ri dq hqfrpsdvvlqj
olqhdu prgho jlyhq wkdw wkh uhvwulfwlrq zklfk lpsolhv xqdpeljxrxv htxdolw| ri wkh wzr zkhq lw lv vdwlv￿hg krogv1
Vr/ dowkrxjk wkh Mh￿uh|v* sulru lv gh￿qhg dv wkh vtxduh urrw ri wkh ghwhuplqdqw ri wkh lqirupdwlrq pdwul{/ lw
dovr uhvxowv iurp wkh deryh wkuhh vwhs surfhgxuh dqg wkhuhiruh lqyroyhv wkh frqvwuxfwlrq ri xqltxh frqglwlrqdo
ghqvlwlhv1
Wkh vhfrqg vwhs lq wkh deryh wkuhh vwhs surfhgxuh h{sodlqv wkh lqvhqvlwlylw| ri wkh srvwhulru ri ￿ wr wkh
dgglwlrq ri vxshu xrxv lqvwuxphqwv1 Wr vhh wklv/ qrwh wkdw wkh pdwul{ ￿ frqvlvwv ri wkh ￿w0ydoxhv￿ ri wkh hohphqwv
ri ￿ dqg wkh ￿w0ydoxhv￿ dvvrfldwhg zlwk wkh vxshu xrxv lqvwuxphqwv zloo eh forvh wr }hur1 Zkhq wkh vlqjxodu ydoxh
ghfrpsrvlwlrq ri ￿ lv shuiruphg wr lpsrvh wkh uhgxfhg udqn uhvwulfwlrq/ wkh hohphqwv ri ￿ zlwk vpdoo ￿w0ydoxhv￿
zloo eh dvvrfldwhg zlwk wkh vpdoohvw vlqjxodu ydoxh dqg wkh hljhqyhfwru dvvrfldwhg zlwk wklv vpdoohvw vlqjxodu ydoxh
zloo kdyh qrq}hur hohphqwv hvshfldoo| dw wkh srvlwlrqv ri wkh vxshu xrxv lqvwuxphqwv lq [1 Lq wkh frqvwuxfwlrq ri
wkh srvwhulru iru +￿>￿, lq wkh UUI/ wkh vpdoohvw vlqjxodu ydoxh lv uhvwulfwhg wr }hur dqg lwv hljhqyhfwru lv glvfdughg1
Khqfh/ wkh vxshu xrxv lqvwuxphqwv duh glvfdughg dqg vr wkh| gr qrw lq xhqfh wkh srvwhulru ri +￿>￿, dv zhoo dv
wkh srvwhulru ri +￿>￿,=
Wkh uhodwlrqvkls ehwzhhq wkh h{dfw ghqvlw| ri wkh OLPO hvwlpdwru dqg wkh srvwhulru edvhg rq wkh Mh￿uh|v* sulru
iurp wkh suhylrxv vxevhfwlrq lpsolhv wkdw wkh uhdvrqlqj deryh/ zklfk h{sodlqv wkh lqvhqvlwlylw| ri wkh pdujlqdo
srvwhulru ri ￿ wr wkh dgglwlrq ri vxshu xrxv lqvwuxphqwv/ dovr h{sodlqv wkh lqvhqvlwlylw| ri wkh fodvvlfdo OLPO
hvwlpdwru wr wkh dgglwlrq ri vxshu xrxv lqvwuxphqwv1
Wr looxvwudwh vrph ri wkh surshuwlhv ri wkh pdujlqdo srvwhulru ri ￿ edvhg rq wkh Mh￿uh|v sulru/ Iljxuhv :0<
jlyh wkh srvwhulruv ri ￿ iru wkh vdph gdwdvhwv suhylrxvo| dqdo|}hg xvlqj wkh Guº}h dqg Ed|hvldq Wzr Vwdjh
Dssurdfkhv451 Lq wkh fdvh ri rqh jrrg lqvwuxphqw/ wkh srvwhulru ri ￿ lv plqlpdoo| d￿hfwhg zkhq vxshu xrxv
lqvwuxphqwv duh dgghg dqg wkh prgh vwd|v forvh wr e ￿OLPO1 Lq fdvh ri zhdn dqg qr lghqwl￿fdwlrq/ qrwh wkdw
wkh frqyhujhqfh ri wkh prghv ri wkh pdujlqdo srvwhulruv ri ￿ wrzdugv ! @ 4=<< zkhq vxshu xrxv lqvwuxphqwv
duh dgghg lv wr eh h{shfwhg1 Zkhq ￿ lv qrqlghqwl￿hg/ lwv srvwhulru prgh lv lq wkhru| orfdwhg dw wkh srlqw ri
frqfhqwudwlrq ! dqg zkhq vxshu xrxv lqvwuxphqwv duh dgghg wkh srvwhulru ri ￿ hvvhqwldoo| ehfrphv olnh dq dyhudjh
ryhu doo wkh gl￿huhqw srvwhulruv ri wkh vxshu xrxv lqvwuxphqwv lq wkh h{dfw lghqwl￿hg fdvh1 Vlqfh ! lv wkh rqo| srlqw
zkhuh doo wkhvh srvwhulruv kdyh suredelolw| pdvv/ zh vhh d sloh0xs dw ! lq wkh pdujlqdo srvwhulru ri ￿1L qf d v hr i
zhdn lghqwl￿fdwlrq zh dovr vhh wklv ihdwxuh exw lw lv ohvv surqrxqfhg dqg wkh srvwhulru vwloo lqglfdwhv frqvlghudeoh
xqfhuwdlqw| derxw wkh ydoxh ri ￿1 Wkh sloh0xs dw ! iru wkh Mh￿uh|v srvwhulru lv pxfk ohvv wkdq lq wkh srvwhulruv
edvhg rq wkh Guº}h dqg Ed|hvldq Wzr Vwdjh sulruv1
45Vlqfh A lv uhdvrqdeoh odujh dqg wkh wuxh ydoxh ri P lv txlwh vpdoo/ wkh frqglwlrqdo srvwhulru ri q jlyhq lc iru l’ ￿
A t ￿tc lv
dssur{lpdwho| htxdo wr wkh pdujlqdo srvwhulru ri q dqg zh wkhuhiruh rqo| frpsxwh wkh ￿uvw rqh1 Wklv uhvxowv ehfdxvh t ￿t lv wkh
vfdoh pdwul{ ri wkh pdujlqdo srvwhulru ri l dqg wkh pdujlqdo srvwhulru ri l lv wljkwo| frqfhqwudwhg durxqg wklv vfdoh pdwul{ zkhq A
lv odujh1
48: Ed|hvldq Dssurdfk xvlqj d Iodw Sulru rq XUI
Lq olqhdu prghov/ wkh Mh￿uh|v* sulru lv frqvlghuhg xqlqirupdwlyh dv lw fruuhvsrqgv zlwk d vwdqgdug gl￿xvh ru  dw
sulru1 Vlqfh wkh XUI lv d olqhdu prgho/ d qrqlqirupdwlyh sulru iru wkh sdudphwhuv ri XUI lv d vwdqgdug  dw
sulru1 Wkh suhylrxv vhfwlrq vkrzhg wkdw wkh Mh￿uh|v* sulru iru wkh LY prgho lv lq idfw kljko| lqirupdwlyh iru wkh
sdudphwhuv ri wkh XUI dv lwv* xvh lpsolhv frqgxfwlqj dq lpsolflw suhwhvwlqj surfhgxuh rq wkh uhohydqfh ri wkh
lqvwuxphqwv1 D gl￿xvh sulru iru wkh XUI shuirupv qr vxfk suhwhvwlqj surfhgxuh dqg/ wkhuhiruh/ lw lv lqwhuhvwlqj
wr frpsduh srvwhulruv iurp wkh Mh￿uh|v sulru wr srvwhulruv iurp d  dw sulru rq wkh sdudphwhuv ri wkh XUI1
Frqvlghu wkh  dw sulru rq wkh sdudphwhuv ri wkh XUI
s
iodw
XUI+￿>￿, 2 m￿m￿ 4
5k> +87,
zkhuh k lv d sulru sdudphwhu vxfk wkdw li k @ p.4 wkh vwdqgdug qrqlqirupdwlyh sulru iru wkh olqhdu prgho uhvxowv/
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^wu+￿￿4+\ 3P[\ ,, .wu+￿￿4+￿E ￿ a ￿ROV,3[3[+￿E ￿ a ￿ROV,,‘‘=
Wkh srvwhulru +89, lv hvvhqwldoo| sursruwlrqdo wr wkh nhuqho ri wkh ghqvlw| ri d pdwulf0yduldwh qrupdoo| glvwulexwhg
udqgrp pdwul{ zlwk uhgxfhg udqn146
Wkh srvwhulru +89, kdv vrph surshuwlhv lq frpprq zlwk wkh srvwhulru uhvxowlqj iurp wkh xvh ri wkh Mh￿uh|v*
sulru +7:, dqg vrph qrw1 Iluvw/ d frpprq surshuw| lv wkh lqyduldqfh ri wkh srvwhulru +89, zlwk uhvshfw wr wkh
rughulqj ri wkh yduldeohv lq \= Wklv uhvxowv iurp wkh vshfl￿fdwlrq ri ￿B dqg EB1 Wr vhh wklv/ frqvlghu djdlq wkh
prghov +48, dqg +49, zlwk p @ 51 Wkh vshfl￿fdwlrqv ri ￿B dqg EB duh jlyhq e|































































46Dqdo|wlfdo h{suhvvlrqv ri lwv prphqwv ru frqglwlrqdo ru pdujlqdo srvwhulruv duh qrw nqrzq1 Dovr/ lw lv qrw srvvleoh wr jhqhudwh
gudzlqjv iurp wkh srvwhulru +89, gluhfwo| dqg vwdqgdug Jleev vdpsolqj whfkqltxhv gr qrw dsso|1 Wr vlpxodwh gudzlqj iurp wkh
srvwhulru/ lw lv qhfhvvdu| wr xvh d vlpxodwlrq phwkrg olnh lpsruwdqfh ru Phwursrolv0Kdvwlqjv vdpsolqj1 Vdpsohuv wr rewdlq gudzlqjv





= Wklv frqvwuxfwlrq lpsolhv wkdw ￿+￿>￿, @ ￿￿+￿>￿, dqg wkh Mdfreldq ri wklv wudqvirupdwlrq lv
￿4= Iurp wkh fkdlq uxoh ri gl￿huhqwldwlrq/
M+￿>+￿>￿>￿ +￿>￿,,, @ M+￿>+￿>￿>￿ +￿>￿,,,M++￿>￿>￿ +￿>￿,,>+￿>￿>￿ +￿>￿,,,> +8<,







zkhuh M++￿>￿,>+￿>￿,, lv jlyhq lq +4:,1 Khqfh/
mM+￿>+￿>￿>￿ +￿>￿,,,m￿+￿>￿,@3 @ mM+￿>+￿>￿>￿ +￿>￿,,,m￿+￿>￿,@3mM++￿>￿,>+￿>￿,,m +94,
zklfk lv wkh uhvxow qhhghg wr kdyh lqyduldqfh zlwk uhvshfw wr wkh rughulqj ri wkh yduldeohv lq \ 1
Wkh vhfrqg ihdwxuh wkdw wkh srvwhulruv uhvxowlqj iurp wkh  dw dqg Mh￿uh|v* sulruv kdyh lq frpprq lv wkdw
wkh| uhvxow dv frqglwlrqdo srvwhulruv ri sdudphwhuv ri d olqhdu prgho jlyhq wkdw lw kdv uhgxfhg udqn1 Wkhuh lv
dq lpsruwdqw gl￿huhqfh/ krzhyhu/ lq whupv ri wkh vshfl￿fdwlrq ri wkh olqhdu prgho rq zklfk wkh uhgxfhg udqn
uhvwulfwlrq lv lpsrvhg wr ghwhuplqh wkh srvwhulruv1 Xvlqj wkh Mh￿uh|v* sulru/ wkh uhgxfhg udqn uhvwulfwlrq lv
lpsrvhg rq wkh sdudphwhu ￿ ri wkh olqhdu prgho +83,/ zkloh xvlqj wkh gl￿xvh sulru lpsolhv wkdw wkh uhgxfhg udqn
uhvwulfwlrq lv lpsrvhg rq wkh sdudphwhu ￿ ri wkh prgho +64,1 Khqfh/ wkh Mh￿uh|v* sulru lpsrvhv wkh uhgxfhg udqn
uhvwulfwlrq rq wkh ￿w0ydoxhv￿ ri ￿ zkloh wkh gl￿xvh sulru lpsrvhv wkh uhgxfhg udqn uhvwulfwlrq gluhfwo| rq ￿= Wkh
wzr srvwhulruv fdq eh txlwh gl￿huhqw zkhqhyhu [3[ dqg2ru ￿ vwurqjo| gl￿hu iurp lghqwlw| pdwulfhv1 Wr looxvwudwh/




















































zklfk lv vkrzq lq dsshqgl{ D/ dqg wkh frqglwlrqdo srvwhulru ri ￿ jlyhq ￿ lq fdvh ri wkh Mh￿uh|v* sulru/ zklfk lv
frqvwuxfwhg lq dsshqgl{ F1 Wkh frqglwlrqdo srvwhulru +95, lv lghqwlfdo wr wkh frqglwlrqdo srvwhulru edvhg rq wkh
Mh￿uh|v* sulru +7;, h{fhsw iru wkh whup mEB￿E3
Bm
4
5g= Qrwh wkdw zkhq wkh prgho lv h{dfwo| lghqwl￿hg ru zkhq erwk
￿ @ Lp dqg [3[ @ Ln> wkh srvwhulruv edvhg rq wkh  dw dqg Mh￿uh|v* sulruv duh lghqwlfdo1
Wkh vxshu xrxv lqvwuxphqwv fdq lq xhqfh wkh srvwhulru ri ￿ edvhg rq wkh  dw sulru ehfdxvh wkh udqn uhgxfwlrq
lv frqgxfwhg xvlqj wkh sdudphwhu ￿ dqg qrw rq lwv ￿w0ydoxhv￿1 Wkh vfdoh ri wkh vxshu xrxv lqvwuxphqwv frpsduhg
wr wkh uhohydqw rqhv dqg wkh vl}h ri wkh fryduldqfh pdwul{ duh qrz lpsruwdqw iru glvwlqjxlvklqj vxshu xrxv iurp
uhohydqw lqvwuxphqwv1 Iru h{dpsoh/ zkhq wkh vfdoh +yduldqfh, ri d vxshu xrxv lqvwuxphqw lv vpdoo/ wkh ydoxh
ri lwv hohphqw lq ￿ fdq eh odujh/ dowkrxjk qrw vljql￿fdqw edvhg rq lwv ￿w0ydoxhv￿1 Wkhq/ zkhq d vlqjxodu ydoxh
ghfrpsrvlwlrq ri ￿ lv shuiruphg/ wkh vxshu xrxv lqvwuxphqw zloo qrw ehdvvrfldwhg zlwk wkhvpdoohvw vlqjxodu ydoxh1
Vr/ zkhq wkh vpdoohvw vlqjxodu ydoxh lv uhvwulfwhg wr }hur wr lpsrvh wkh udqn uhvwulfwlrq/ dqg dv d frqvhtxhqfh lwv
hljhqyhfwru lv glvfdughg/ wkh vxshu xrxv lqvwuxphqw lv qrw ghohwhg dqg vr lw d￿hfwv wkh srvwhulru ri ￿= Wklv uhvxow
lv qrw wkdw vwudqjh vlqfh zkhq d  dw sulru iru wkh sdudphwhuv ri wkh XUI lv xvhg lw lpsolhv wkdw doo sdudphwhuv
kdyh wkh vdph zhljkw lq wkh sulru uhjdugohvv ri zkhwkhu wkh| ehorqj wr d uhohydqw lqvwuxphqw ru qrw1 Wkh srvwhulru
ri wkh sdudphwhuv ri wkh XUI wkhuhiruh ehfrphv  dwwhu zkhq vxshu xrxv lqvwuxphqwv duh dgghg wr wkh prgho
dqg dv d uhvxow lw ehfrphv kdughu wr ghwhuplqh zklfk lqvwuxphqwv duh uhohydqw1
Iljxuhv 43 dqg 44 vkrz wkh srvwhulruv ri ￿ iru d zhdno| dqg surshuo| lghqwl￿hg prgho iru gl￿huhqw ghjuhhv ri
ryhulghqwl￿fdwlrq471 Wkh srvwhulruv ri ￿ vkrz d pxfk odujhu vhqvlwlylw| wr wkh dgglwlrq ri vxshu xrxv lqvwuxphqwv
47Djdlq vlqfh P lv txlwh vpdoo dqg A lv txlwh odujh/ A ’￿ f f c wkh frqglwlrqdo srvwhulru ri q jlyhq l iru l’ ￿
A t ￿t lv dssur{lpdwho|
htxdo wr lwv pdujlqdo srvwhulru dqg wkhuhiruh zh rqo| frpsxwhg wkh ￿uvw rqh1
4:wkdq lq fdvh ri wkh Mh￿uh|v* sulru1 Wklv uhvxowv iurp wkh whup mEB￿E3
Bm
4
5g lq +95,/ zklfk lv qrw suhvhqw lq wkh
srvwhulru edvhg rq wkh Mh￿uh|v* sulru +7;,1 Dowkrxjk wklv whup lv ￿qlwh dqg vwulfwo| srvlwlyh hyhu|zkhuh/ vxfk wkdw
wkh prphqwv ri wkh srvwhulru ri ￿ h{lvw xs wr wkh vdph rughu dv lq fdvh ri wkh Mh￿uh|v* sulru/ lw vwloo kdv d vwurqj
lq xhqfh rq wkh srvwhulru ri ￿ zkhq wkh ghjuhh ri ryhulghqwl￿fdwlrq lv lqfuhdvhg e| wkh dgglwlrq ri vxshu xrxv
lqvwuxphqwv1
; Lpsolhg Sulru iru wkh Xquhvwulfwhg Uhgxfhg Irup Sdudphwhuv
Zkhq zh vshfli| d sulru rq wkh sdudphwhuv ri wkh UUI/ sUUI+￿>￿>￿,> lw fdq eh wkrxjkw ri dv ehlqj lpsolhg e|
d sulru rq wkh sdudphwhuv ri wkh XUI e| hvvhqwldoo| lqyhuwlqj wkh uhodwlrqvkls lq +69,1 Vshfl￿fdoo|/





vlqfh ￿ @ 3 lv htxlydohqw wr udqn+￿, @ p￿ 4 dqg M++￿>￿>￿,>￿, @ M+￿>+￿>￿>￿,,￿4= Khqfh/
sXUI+￿>￿, 2 j+￿>￿,sXUI+￿>￿,mudqn+￿,@p￿4> +98,
zkhuh j+￿>￿, ￿ 4 zkhq udqn+￿, @ p ￿ 4= Vr/ h{fhsw iru wkh ixqfwlrq j+￿>￿, zklfk lv htxdo wr 4 zkhq
udqn+￿, @ p ￿ 4> wkh sulru vshfl￿hg rq wkh sdudphwhuv ri wkh UUI ghwhuplqhv wkh sulru vshfl￿hg rq wkh
sdudphwhuv ri wkh XUI1 Vlqfh wkh XUI lv olqhdu lq ￿> doo surshuwlhv uh hfwhg lq lwv sulru duh dovr uh hfwhg lq wkh
pdujlqdo srvwhulruv ri wkh sdudphwhuv ri wkh XUI1 Dv wkh UUI lv qrqolqhdu lq lwv sdudphwhu/ lw lv qrw reylrxv
krz wkh vshfl￿hg sulru lq xhqfhv wkh pdujlqdo srvwhulruv1 E| dqdo|}lqj wkh fodvv ri sulruv lpsolflwo| xvhg rq wkh
sdudphwhuv ri wkh XUI/ zh fdq ghwhuplqh wklv lq xhqfh1
Wkh Mdfreldq mM+￿>+￿>￿>￿,,m￿@3m lv wkh fuxfldo hohphqw iru ghwhuplqlqj wkh lq xhqfh ri wkh vshfl￿hg sulru rq






































Wkh ￿uvw sduw ri wkh Mdfreldq +99,/ h{fhsw iru m￿m
4
5n> uhihuv wr ￿ lq +66, zkloh wkh vhfrqg sduw lv wkh Mh￿uh|v* sulru
ri wkh UUI dqg wkxv uhihuv wr +￿>￿,=
Lq wkh iroorzlqj vhfwlrqv zh xvh +97, dqg +99, wr frqvwuxfw wkh lpsolhg sulru rq wkh XUI sdudphwhuv edvhg rq
wkh Mh￿uh|v*/ Guº}h/ dqg E5V sulruv iru wkh UUI sdudphwhuv1
;14 Mh￿uh|v* Sulru
Wkh fodvv ri sulruv iru wkh sdudphwhuv ri wkh XUI zklfk ohdg wr wkh Mh￿uh|v* sulru +79, iru wkh sdudphwhuv ri wkh

















































Wkh hohphqwv dsshdulqj lq wklv sulru duh hvvhqwldoo| wkh lqyhuvh ri wkh sduwv uhihuulqj wr ￿ lq wkh Mdfreldq +99,1
Wkh| uhvxow dv wkh udqn uhgxfwlrq xvlqj wkh gl￿xvh sulru lv lpsrvhg rq wkh sdudphwhu ￿ zklfk kdv fryduldqfh
4;pdwul{ +￿ ￿ +[3[,￿4,= Wkh Mh￿uh|v* sulru/ krzhyhu/ lpsrvhv wkh udqn uhgxfwlrq rq wkh sdudphwhu ￿ zklfk kdv
fryduldqfh pdwul{ +Lp ￿ Ln,= Vlqfh EB dqg ￿B duh ruwkrqrupdo pdwulfhv wkh| wkhuhiruh gr qrw dsshdu lq wkh
Mh￿uh|v* sulru1
Wkh lpsolhg sulru +9:, vkrzv wkdw/ uhodwlyh wr wkh  dw sulru rq wkh XUI/ wkh Mh￿uh|v* sulru idyruv odujh ydoxhv
ri ￿ dqg +[3[,￿4 lq wkh gluhfwlrq ri EB dqg ￿B> uhvshfwlyho|/ dqg shqdol}hv vpdoo ydoxhv ri ￿ dqg +[3[,￿4 lq
wkh gluhfwlrq ri EB dqg ￿B> uhvshfwlyho|1 Zkhq vxshu xrxv lqvwuxphqwv duh dgghg wr wkh prgho/ wkhlu sdudphwhuv
kdyh d yduldqfh wkdw lv sursruwlrqdo wr ++EB￿E3
B,￿4￿+￿3
B+[3[,￿4￿B,￿4,> zklfk uhvxowv iurp +99,1 Wkh lpsolhg
sulru vkrzv wkdw wkh Mh￿uh|v* sulru/ frpsduhg wr wkh  dw sulru/ idyruv vxshu xrxv lqvwuxphqwv zkrvh sdudphwhuv
kdyh d vpdoo yduldqfh dqg shqdol}hv wkrvh zklfk kdyh d odujh yduldqfh1 Wklv lv h{dfwo| zkdw lv dfklhyhg e| lpsrvlqj
wkh udqn uhgxfwlrq rq wkh ￿w0ydoxhv￿ ri wkh XUI sdudphwhuv lqvwhdg ri wkh sdudphwhuv wkhpvhoyhv1 Qrwh dovr
wkdw/ olnh wkh Mh￿uh|v* sulru iru wkh UUI sdudphwhuv/ wkh lpsolhg sulru +9:, ghshqgv rq wkh gdwd dqg wkhuhiruh
ylrodwhv wkh olnholkrrg sulqflsoh1
;15 Guº}h Sulru
Lq wkh Guº}h +4<:9, dssurdfk/ wkh gl￿xvh sulru +45, lv vshfl￿hg rq wkh sdudphwhuv ri wkh UUI1 Xvlqj +97, dqg
+99,/ wkh sulru iru uhgxfhg udqn ydoxhv ri wkh XUI sdudphwhuv ehfrphv
s
Guh}h


























































Wkh fodvv ri sulruv rq wkh sdudphwhuv ri wkh XUI zklfk ohdg wr wkh sulru vshfl￿hg e| Guº}h lv wkhq
sGuh}h




XUI +￿>￿ ,@4zkhq udqn+￿, @ p￿ 4= Wkh sulru +9;, fdq dovr eh vshfl￿hg dv
sGuh}h
XUI +￿>￿,mudqn+￿,@p￿4 2 m￿￿4








zklfk looxvwudwhv wkh uhodwlrqvkls ehwzhhq wkh lpsolhg Guº}h dqg Mh￿uh|v* sulruv iru wkh XUI sdudphwhuv481
Wkh uhodwlrqvkls lq +:3, vkrzv wkdw d frpprq ihdwxuh ri wkh dssurdfkhv edvhg rq wkh Guº}h dqg Mh￿uh|v*
sulruv lv dq lpsolflw nlqg ri suhwhvwlqj iru lqvwuxphqw uhohydqfh wkdw zdv glvfxvvhg iru wkh Mh￿uh|v* sulru dssurdfk
lq vhfwlrq 91 Wklv h{sodlqv zk| wkh srvwhulru ri ￿ lq wkh Guº}h dssurdfk lv riwhq ohvv d￿hfwhg e| wkh dgglwlrq ri
vxshu xrxv lqvwuxphqwv wkdq wkh srvwhulru ri ￿ uhvxowlqj iurp wkh gl￿xvh sulru rq wkh sdudphwhuv ri wkh XUI1
Wkh gl￿huhqfh ehwzhhq wkh srvwhulruv uhvxowlqj iurp wkh Guº}h dqg Mh￿uh|v* sulruv lv dovr h{sodlqhg e| +:3, dqg
uhvxowv iurp wkh ghwhuplqdqw ri wkh txdgudwlf irup lq ￿ dqg wkh Vwxghqw0w nhuqho lq ￿ zlwk g ghjuhhv ri iuhhgrp1
Wkh ghwhuplqdqw lq ￿ uhvxowv iurp wkh idfw wkdw wkh Guº}h sulru grhv qrw fdswxuh wkh d sulrul nqrzq ghshqghqfh
ri ￿ rq ￿ dqg lv/ lq idfw/ lq￿qlwh dw orzhu udqn ydoxhv ri ￿ gxh wr wkh orfdo qrqlghqwl￿fdwlrq ri ￿ dw wkhvh ydoxhv
ri ￿= Vlqfh wkh XUI lv d olqhdu prgho/ wklv ihdwxuh dovr dsshduv lq wkh pdujlqdo srvwhulru ri ￿ dv vkrzq lq +47,1
Wkh Vwxghqw0w nhuqho lq ￿ lq wkh sulru ri ￿ dovr vkduhv surshuwlhv zlwk wkh pdujlqdo srvwhulru ri ￿ lq +46,1 Wkh
sulru dffrxqwv iru wkh qxpehu ri ￿qlwh srvwhulru prphqwv ri ￿ frpsduhg wr wkh pdujlqdo srvwhulru ri ￿ iru wkh
Mh￿uh|v* sulru1 Wkh sulru +:3, vkrzv wkdw wkh prphqwv ri wkh pdujlqdo srvwhulru ri ￿ xvlqj wkh Guº}h sulru h{lvw
xs wr wkh ghjuhh ri ￿qlwh prphqwv ri wkh srvwhulru xvlqj wkh Mh￿uh|v* sulru soxv wkh ghjuhhv ri iuhhgrp ri wkh
Vwxghqw0w nhuqho lq ￿ plqxv rqh +ehfdxvh ri wkh txdgudwlf irup lq ￿,> zklfk lv g ￿ 41W k h sulru dovr vkrzv wkh
48Wkh uhdvrq zh pdgh wkh sulru +9;, gdwd0ghshqghqw lv wr frpsduh lw zlwk wkh sulru +9:,1 Lw grhv qrw dfwxdoo| ghshqg rq wkh gdwd/
gxh wr wkh fdqfholqj ri whupv lqyroylqj wkh gdwd/ dqg wkxv grhv qrw ylrodwh wkh olnholkrrg sulqflsoh1
4<vhqvlwlylw| ri wkh srvwhulru prgh ri ￿ xvlqj wkh Guº}h sulru wr wkh dgglwlrq ri vxshu xrxv lqvwuxphqwv frpsduhg
wr wkh srvwhulru prgh xvlqj wkh Mh￿uh|v* sulru1 Zkhq g lv lqfuhdvhg e| wkh dgglwlrq ri vxshu xrxv lqvwuxphqwv/
wkh sulru +:3, vkrzv wkdw wkh srvwhulru prgh zloo pryh lq wkh gluhfwlrq ri ! frpsduhg wr wkh srvwhulru prgh xvlqj
wkh Mh￿uh|v* sulru dv looxvwudwhg lq Iljxuhv 406 dqg :0<1
;16 Ed|hvldq Wzr Vwdjh Sulru
Wr ghwhuplqh wkh fodvv ri sulruv iru wkh sdudphwhuv ri wkh XUI zklfk ohdg wr wkh vshfl￿hg sulru lq wkh Ed|hvldq Wzr
VwdjhDssurdfk/ zh ￿uvw wudqvirup wkh sulru ryhu +￿>!>￿>$44=5>￿55, lq +55, wr wkh sulru ryhu +￿>￿>$44>$54>￿55,@
+￿>￿>￿,= Wkh Mdfreldq ri wklv wudqvirupdwlrq lv
mM++￿>$44=5,>+$54>$44,,m @ m￿55m￿4> +:4,
dqg vr sulru iru +￿>￿>￿, ehfrphv
sE5V




















































55 . +! ￿ ￿,$￿4













55 .+! ￿ ￿,$￿4
44=5+! ￿￿,3m￿ 4
5g=
Wkh sulru +:6, vkrzv wkh gl￿huhqfhv dsshdulqj lq wkh srvwhulruv zkhq zh xvh wkh Ed|hvldq Wzr Vwdjh Dssurdfk
frpsduhg wr wkh gl￿xvh sulru vshfl￿hg rq wkh sdudphwhuv ri wkh XUI1 Lw fdq dovr eh vshfl￿hg vxfk wkdw lw fdq eh













Wklv sulru +:7, vkrzv wkh uhodwlrqvkls ehwzhhq wkh srvwhulruv edvhg rq wkh Ed|hvldq Wzr Vwdjh dqg Mh￿uh|v* sulru
vlqfh erwk dssurdfkhv xvh wkh vdph olnholkrrg1 Zh vhh wkdw wkh Ed|hvldq wzr vwdjh dssurdfk dovr lqyroyhv dq
lpsolflw suhwhvwlqj rq wkh uhohydqf| ri wkh lqvwuxphqwv dqg lwv pdlq gl￿huhqfh zlwk wkh Mh￿uh|v* sulru lqyroyhv wkh
Vwxghqw0w0nhuqho lq ￿ zlwk g ghjuhhv ri iuhhgrp +zklfk lv dovr suhvhqw lq wkh sulru lq fdvh ri wkh Guº}h dssurdfk
+:3,,1 Wklv Vwxghqw0w nhuqho h{sodlqv wkh gl￿huhqfh lq rughu ri ￿qlwh srvwhulru prphqwv ri ￿ dqg wkh orfdwlrq ri
wkh srvwhulru prgh ri ￿ frpsduhg wr wkh srvwhulru frpsxwhg xvlqj wkh Mh￿uh|v* sulru1 Vlqfh rqo| wkh glvwulexwlrq
ri wkh odwwhu srvwhulru h{lvwv/ +:7, vkrzv wkdw wkh pdujlqdo srvwhulru ri ￿ xvlqj wkh Ed|hvldq Wzr Vwdjh dssurdfk
kdv ￿qlwh prphqwv xs wr lqfoxglqj wkh ghjuhh ri ryhulghqwl￿fdwlrq/ g= Dovr/ vlqfh wkh srvwhulru prgh ri ￿ xvlqj wkh
Mh￿uh|v* sulru lv uhodwlyho| lqvhqvlwlyh wr wkh dgglwlrq ri vxshu xrxv lqvwuxphqwv/ zklfk lv looxvwudwhg lq Iljxuhv
:0</ +:7, vkrzv wkdw wkh srvwhulru prgh ri ￿ xvlqj wkh Ed|hvldq Wzr Vwdjh dssurdfk zloo pryh lq wkh gluhfwlrq
ri !> dv vkrzq lq Iljxuhv 7091
53Fodvvlfdo Surfhgxuh Lqyduldqfh wr Rughulqj \ Vhqvlwlylw| ri vpdoo vdpsoh glvwulexwlrq hvwlpdwru
wr dgglqj vxshu xrxv lqvwuxphqwv
prgh wdlo
5VOV Q 3 .
OLPO \ 4 0
Wdeoh 4= Vxppdu| Surshuwlhv Fodvvlfdo Surfhgxuhv +3 vwdqgv iru pryhphqw wrzdugv !/ 4 vwdqgv iru lqvhqvlwlyh>
. vwdqgv iru wklqqhu wdlov/ 0 vwdqgv iru lqvhqvlwlyh wdlov> \ vwdqgv iru |hv/ Q vwdqgv iru qr,
;17 Lqirupdwlyh Sulruv
Wkh suhylrxv vxevhfwlrqv kdyh vkrzq wkdw wkh xvh ri vwdqgdug ￿gl￿xvh sulru￿ Ed|hvldq surfhgxuhv iru dqdo|}lqj
wkh LY uhjuhvvlrq prgho dprxqw wr wkh xvh ri txlwh lqirupdwlyh sulruv rq wkh sdudphwhuv ri wkh XUI1 Zh dovr
kdyh vkrzq wkdw wkh lqirupdwlrq wkhvh sulruv lpsduw rq wkh sdudphwhuv ri wkh XUI lv riwhq qrw reylrxv dqg frxog
wkhuhiruh eh frqwudu| wr wkh lqirupdwlrq rqh pljkw zdqw wr kdyh lq wkh sulru1 Dv dq dowhuqdwlyh/ lqirupdwlyh
frqmxjdwh sulruv rq wkh sdudphwhuv ri wkh XUI fdq eh vshfl￿hg wkdw srvvhvv wkh vdph nlqg ri lqirupdwlrq dv wkh
gl￿xvh sulruv exw lq d pruh dffhvvleoh zd| dqg dovr doorz iru rwkhu Ed|hvldq surfhgxuhv wr eh frqgxfwhg/ olnh
Ed|hv idfwruv wr whvw iru wkh ydolglw| ri vshfl￿f lqvwuxphqwv ru wr whvw fhuwdlq ydoxhv ri wkh vwuxfwxudo frh!flhqwv1
Iru h{dpsoh/ iroorzlqj wkh dqdo|vhv lq Nohlehujhq dqg ydq Glmn +4<<;, dqg Nohlehujhq dqg Sdds +4<<;, rqh fdq
vshfli| d qrupdo sulru rq wkh sdudphwhuv ri wkh XUI dqg ohw wklv sulru lpso| wkh sulru rq wkh sdudphwhuv ri wkh
UUI1 Jhqhudol}hg Vdydjh0Glfnh| ghqvlw| udwlrv fdq wkhq eh xvhg wr frpsxwh wkh Ed|hv idfwru iru wkh ydolglw| ri
vshfl￿f lqvwuxphqwv ru wkh ghjuhh ri ryhulghqwl￿fdwlrq1
< Frqfoxvlrqv
Lq wklv sdshu zh frqgxfw d frpsdulvrq ri fodvvlfdo dqg ￿gl￿xvh sulru￿ Ed|hvldq surfhgxuhv iru dqdo|}lqj wkh
vw|ol}hg LY uhjuhvvlrq prgho1 Zh frqvlghu irxu gl￿huhqw w|shv ri gl￿xvh sulruv= wkh wudglwlrqdo gl￿xvh sulru
rq wkh VI sdudphwhuv gxh wr Guº}h +4<:9,> d qhz Ed|hvldq wzr vwdjh surfhgxuh +wkdw lv frqvwuxfwhg dorqj
wkh olqhv ri wkh fodvvlfdo wzr vwdjh ohdvw vtxduhv hvwlpdwru,> wkh Mh￿uh|v* sulru rq wkh UUI sdudphwhuv> dqg d
gl￿xvh sulru rq wkh sdudphwhuv ri wkh XUI1 Zh frpsduh wkh gl￿huhqw Ed|hvldq surfhgxuhv zlwk uhvshfw wr wkhlu
ehkdylru rq vhyhudo surshuwlhv1 Wkhvh surshuwlhv duh wkh lqyduldqfh zlwk uhvshfw wr wkh rughulqj ri wkh hqgrjhqrxv
yduldeohv/ vhqvlwlylw| zlwk uhvshfw wr wkh ghjuhh ri ryhulghqwl￿fdwlrq/ ehkdylru xqghu zhdn lqvwuxphqwv/ dqg iru
wkh Ed|hvldq surfhgxuhv wkh orfdwlrq ri wkh srvwhulru phdq2prgh dqg wkh sulru lpsolflwo| xvhg rq wkh sdudphwhuv
ri dq hqfrpsdvvlqj olqhdu prgho1 Zh vkrz wkdw wklv odwwhu surshuw| lv d frqyhqlhqw wrro iru frpsdulqj gl￿huhqw
Ed|hvldq surfhgxuhv dqg xvhv wkh uhvxow wkdw wkh srvwhulru ri wkh sdudphwhuv ri wkh LY prgho lv wkh frqglwlrqdo
srvwhulru ri wkh sdudphwhuv ri wkh hqfrpsdvvlqj XUI prgho jlyhq wkdw wkh uhvwulfwlrq zklfk xqdpeljxrxvo|
lpsolhv htxdolw| ri wkh wzr prghov lv vdwlv￿hg1 Wdeoh 4 vxppdul}hv wkh nh| surshuwlhv ri wkh fodvvlfdo hvwlpdwlrq
surfhgxuhv dqg Wdeoh 5 jlyhv wkh nh| surshuwlhv iru wkh gl￿huhqw Ed|hvldq surfhgxuhv1 Wkh surshuwlhv ri wkh
srvwhulru ri wkh vwuxfwxudo irup sdudphwhu duh rewdlqhg iru wkh fdvh ri wzr hqgrjhqrxv yduldeohv iru zklfk zh
ghulyhg h{dfw h{suhvvlrqv ri wkh frqglwlrqdo srvwhulru ri wkh vwuxfwxudo sdudphwhu ￿ jlyhq wkh fryduldqfh pdwul{
￿ zklfk/ iru d vshfl￿f ydoxh ￿> lv riwhq dssur{lpdwho| htxdo wr wkh pdujlqdo srvwhulru ri ￿ iru doo ri wkh Ed|hvldq
surfhgxuhv1 Rxu uhvxowv vkrz wkdw wkh Ed|hvldq wzr vwdjh dssurdfk lv d forvhu Ed|hvldq dqdorjxh wr fodvvlfdo
5VOV wkdq wkh Guº}h dssurdfk dqg wkh Mh￿uh|v* sulru dssurdfk lv wkh Ed|hvldq dqdorj ri fodvvlfdo OLPO1
Iurp Wdeoh 5 zh vhh wkdw wkh lpsolflw sulru rq wkh sdudphwhuv ri wkh XUI vkrzv wkdw vrph ri wkh surfhgxuhv
frqgxfw d irup ri suhwhvwlqj e| lpsrvlqj wkh uhgxfhg udqn uhvwulfwlrq wkdw lpsolhv htxdolw| ri wkh UUI dqg XUI
rq wkh ￿w0ydoxhv￿ ri wkh sdudphwhuv ri wkh XUI1 Lq wklv zd|/ wkh surfhgxuhv ehfrph ohvv vhqvlwlyh wr wkh dgglwlrq
ri vxshu xrxv lqvwuxphqwv1 Wklv surshuw| lv qrw dw doo dssduhqw iurp wkh lqlwldo vshfl￿fdwlrq ri wkh sulru rq wkh
sdudphwhuv ri wkh UUI dqg lw vkrzv wkh xvhixoqhvv ri dqdo|}lqj wkh lpsolflw sulru lpsrvhg rq wkh sdudphwhuv
ri wkh XUI1 Wdeoh 6 dovr vxppdul}hv wkh vhqvlwlylwlhv ri wkh ydulrxv srvwhulruv wr wkh dgglwlrq ri vxshu xrxv
lqvwuxphqwv1 Qrw vxusulvlqjo|/ wkhvh vhqvlwlylwlhv fruuhvsrqg wr wkh vhqvlwlylwlhv uhyhdohg iurp wkh sulru lpsolflwo|
xvhg rq wkh sdudphwhuv ri wkh XUI1
Doo ri wkh gl￿xvh sulruv iru wkh sdudphwhuv ri wkh VI ru UUI uhvxow iurp lqirupdwlyh sulruv rq wkh xquhvwulfwhg
54Ed|hvldq Surfhgxuh Lqyduldqfh wr Rughulqj \ Dgglqj Vxshu xrxv Lqvwuxphqwv
srvwhulru ￿ UUI lpsolflw sulru XUI
prgh wdlo prgh wdlo suhwhvwlqj
Guº}h Q 3 . 3 . \
Ed|hvldq Wzr Vwdjh Q 3 . 3 . \
Mh￿uh|v* rq UUI \ 4 0 B 0 \
Gl￿xvh rq XUI \ B 0  dw  dw Q
Wdeoh 5= Vxppdu| Surshuwlhv Ed|hvldq Surfhgxuhv +3 vwdqgv iru pryhphqw wrzdugv !/ 4 vwdqgv iru lqvhqvlwlyh>
. vwdqgv iru wklqqhu wdlov/ 0 vwdqgv iru lqvhqvlwlyh wdlov> \ vwdqgv iru |hv/ Q vwdqgv iru qr,
uhgxfhg irup sdudphwhuv1 Wkh lqirupdwlrq lpsduwhg rq wkh sdudphwhuv ri wkh XUI e| wkhvh sulruv/ krzhyhu/
lv vrphzkdw klgghq dqg vlplodu srvwhulru uhvxowv fdq/ iru h{dpsoh/ eh rewdlqhg e| xvlqj lqirupdwlyh frqmxjdwh
+qrupdo, sulruv rq wkh sdudphwhuv ri wkh xquhvwulfwhg uhgxfhg irup dqg frqvwuxfwlqj wkh sulruv wkh| lpso| rq
wkh sdudphwhuv ri wkh uhvwulfwhg uhgxfhg irup1 Wklv nlqg ri dssurdfk vkrzv lwv lpsolfdwlrqv iurp wkh rxwvhw dqg
pd| wkhuhiruh eh suhihudeoh wr xvlqj vhhplqjo| xqlqirupdwlyh sulruv vshfl￿hg gluhfwo| rq wkh sdudphwhuv ri wkh
uhvwulfwhg uhgxfhg irup wkdw duh edvhg rq fodvvlfdo hvwlpdwlrq surfhgxuhv1 Ixuwkhupruh/ wkh xvh ri surshu sulruv
doorzv iru d frpsohwh Ed|hvldq dqdo|vlv/ lqfoxglqj iru h{dpsoh Ed|hv idfwruv wkdw fdq eh xvhg wr whvw iru wkh
vxshu xrxvqhvv ri fhuwdlq lqvwuxphqwv/ vhh Nohlehujhq +4<<;, dqg Nohlehujhq dqg Sdds +4<<;,/ dqg lv wkhuhiruh
dovr dsshdolqj iurp dq dssolhg srlqw ri ylhz zkloh wkh rwkhu surfhgxuhv gr qrw doorz iru pxfk pruh wkdq wkh
frpsxwdwlrq ri wkh pdujlqdo srvwhulruv ri sdudphwhuv ri lqwhuhvw1 Zh lqwhqg wr sxuvxh wklv olqh ri uhvhdufk lq
ixwxuh zrun1
55Dsshqglfhv
D1 Ghfrpsrvlwlrq ri wkh Mdfreldq iru wkh Wudqvirupdwlrq iurp wkh XUI wr wkh UUI
Wkh Mdfreldq ri wkh sdudphwhu wudqvirupdwlrq iurp wkh olqhdu prgho +64, sdudphwhuv wr wkh uhgxfhg irup +6,
sdudphwhuv lv ghulyhg lq Nohlehujhq dqg ydq Glmn +4<<;, dqg Nohlehujhq +4<<;, dqg lv jlyhq e|
M+￿>+￿>￿>￿,,m￿@3 @
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zklfk xvhv wkdw ￿￿4￿ ￿￿4F+F3￿￿4F,￿4F3￿￿4 @ FB+F3
B￿FB,￿4F3
B> iru dq| q ￿ q srvlwlyh gh￿qlwh v|pphwulf













m++￿￿4,55 ￿ [3[, ￿ ++￿￿4,54+￿￿4,￿4














































zkhuh zh kdyh xvhg wkdw ￿55=4 @ ￿55 ￿ ￿45￿
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B @ 4> ￿3






















vlqfh $44=5 @ ￿44=5> ￿45 @ $45 ￿ ￿
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m @ 4 dv erwk ￿+￿3￿,￿ 4
5 dqg ￿B duh ruwkrjrqdo pdwulfhv/
+￿3￿,￿ 4
5￿3￿+￿3￿,￿ 4




























5 @ m[3[mm+￿￿ B,m @ m[3[mm￿3￿m> dqg vr zh fdq








































E1 Mdfreldq dqg Vpdoo Vdpsoh Ghqvlw| OLPO hvwlpdwru
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+p￿4,
=
Zh ghulyh wkh vpdoo vdpsoh ghqvlw| ri +a ￿OLPO> a ￿OLPO, jlyhq ￿ +78,/ e| vxevwlwxwlqj wkh h{suhvvlrqv ri a ￿ dqg a ￿
dqg xvlqj wkh mdfreldq/
s+a ￿OLPO> a ￿OLPOm￿,

















































a ￿OLPO a EOLPO ￿ ￿3E3
￿￿￿
vlqfh a EOLPO￿5 lv d vtxduh pdwul{/ zh fdq ixuwkhu vlpsoli| wklv h{suhvvlrq wr
2
￿ ￿ ￿ a EOLPO￿5
￿ ￿ ￿




5 ￿ ￿ ￿ a EOLPO￿5￿3
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a ￿OLPO a EOLPO ￿￿3E3
￿￿￿
2
￿ ￿ ￿ a EOLPO￿5
￿ ￿ ￿






























a ￿OLPO a EOLPO ￿￿3E3
￿￿￿
zklfk uhvxowv ehfdxvh ￿5￿3
5 .$4$3
4 @￿ ￿4= Vxevwlwxwlqj wkh h{suhvvlrq ri wkh mdfreldq wkhq jlyhv
2
￿ ￿ ￿ a EOLPO￿5
￿ ￿ ￿













































a ￿OLPO a EOLPO ￿￿3E3
￿￿￿





￿ ￿ ￿ ￿$3
4
￿











￿ ￿ ￿ ￿ @


















￿￿ ￿ ￿ @
￿ ￿￿
$4 ￿5
￿￿ ￿ @ m￿m￿ 4
5>
dv a EOLPO @






























a ￿OLPO a EOLPO ￿￿3E3
￿￿￿
2
￿ ￿ ￿ ￿
￿ a EOLPO￿￿4 a E3
OLPO ￿Vh 3
4￿￿4 a E3
OLPO ￿ a ￿3
OLPOV
a EOLPO￿￿4h3
4 ￿ Va ￿OLPO h3
4￿￿4h4 ￿ a ￿3
OLPOVa ￿OLPO
















a ￿OLPO a EOLPO ￿￿3E3
￿￿￿
>
zkhuh lw lv xvhg wkdw/
￿ ￿ ￿ ￿
￿ a EOLPO￿￿4 a E3
OLPO ￿V h3
4￿￿4 a E3
OLPO ￿ a ￿3
OLPOV
a EOLPO￿￿4h3
4 ￿ Va ￿OLPO h3
4￿￿4h4 ￿ a ￿3
OLPOVa ￿OLPO

















zklfk uhvxowv iurp dsshqgl{ D1
F1 Ghulydwlrq ri wkh Frqglwlrqdo Srvwhulru ri ￿ jlyhq ￿ edvhg rq wkh Mh￿uh|v* Sulru dqg wkh
Ed|hvldq Wzr Vwdjh Dssurdfk+p @ 5,
Lq fdvh p @5 > dq dqdo|wlfdo h{suhvvlrq ri wkh frqglwlrqdo vpdoo vdpsoh ghqvlw| ri wkh OLPO hvwlpdwru ri ￿
jlyhq ￿ fdq eh frqvwuxfwhg/ vhh Nohlehujhq +4<<;,1 Dv wkh srvwhulru ri wkh sdudphwhuv ri wkh UUI lq fdvh ri wkh
Mh￿uh|v* sulru lv vlplodu wr wkh vpdoo vdpsoh ghqvlw| ri wkh OLPO hvwlpdwruv ri wkhvh sdudphwhuv/ zh fdq wkxv dovr














wu+￿￿4+\ 3P[\ .+￿E ￿ a ￿,3[3[+￿E ￿ a ￿,,,‘=





























wu++￿￿ a ￿,3+￿ ￿ a ￿,‘g￿>








5> a ￿@a ￿￿￿4E3+E￿￿4E3,￿4> a ￿@+ [3[,￿4[3\= Lq
fdvh p @ 5> ￿3￿ kdv d qrqfhqwudo "5 glvwulexwlrq zlwk n ghjuhhv ri iuhhgrp dqg qrqfhqwudolw| sdudphwhu a ￿3a ￿> vhh
Pxlukhdg +4<;5,1 Wkh deryh lqwhjudo lv wkhq mxvw H+m￿3￿m
4
5, zlwk uhvshfw wr wkh ghqvlw| ri ￿3￿= Wkh ghqvlw| ri


















zkhuh s"5+n.5m,+z, lv wkh ghqvlw| ixqfwlrq ri d vwdqgdug "5 udqgrp yduldeoh zlwk n.5m ghjuhhv ri iuhhgrp1 Qrwh
wkdw wkh zhljkwv/ zklfk fruuhvsrqg wr d Srlvvrq ghqvlw|/ vxp wr rqh1 Wkh h{shfwdwlrq ri z
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Wkh h{shfwdwlrq ri z
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￿ ￿ a ￿
￿3 ￿
￿ ￿ a ￿
￿￿￿
ga ￿















































































































































































































































































Qrwh wkdw wkh pdujlqdo srvwhulru iru ￿ lv dq lqyhuwhg0Zlvkduw ghqvlw| zlwk vfdoh pdwul{ \ 3\ zklfk lv h{dfwo| wkh
vfdoh pdwul{ xvhg lq wkh sro|qrpldo h{suhvvlrq wr rewdlq wkh OLPO hvwlpdwru1 Qrwh dovr wkdw wkh vdph lqwhjudwlrq
5;surfhgxuh fdq eh xvhg wr rewdlq wkh frqglwlrqdo srvwhulru ri ￿ jlyhq ￿ iru wkh Ed|hvldq Wzr vwdjh dssurdfk=
sE5V



















































G1 Ghulydwlrq ri wkh Lqirupdwlrq Pdwul{ iru wkh UUI Sdudphwhuv Jlyhq ￿







Lq fdvh ￿ @￿ E> wkh ghulydwlyhv ri ￿ zlwk uhvshfw wr ￿>￿uhdg
Cyhf+￿,






Cyhf+￿,3 @+ Lp ￿ ￿,+h4 ￿ Lp￿4, @+ h4 ￿ ￿,>


















E3 ￿ Ln h4 ￿ ￿
￿3 +￿￿4 ￿[3[,
￿




E￿￿4E3 ￿ [3[E ￿￿4h4 ￿[3[￿
h3





Wkh iroorzlqj ￿jxuhv frqwdlqlqj pdujlqdo srvwhulruv ri wkh vwuxfwxudo irup sdudphwhu ￿ duh frpsxwhg iurp
gdwd vlpxodwhg iurp wkh vlpsoh elyduldwh prgho
|4 @ ￿|5 . %4>
|5 @ [￿. y5>
zkhuh |4>| 5 = W ￿ 4> [ = W ￿ n> +%4 y5, ￿ q+3>￿ ￿ LW,> [ ￿ q+3>L n ￿ LW,>W@ 433> n @ g .4 >dqg vkduh wkh
surshuwlhv wkdw=
￿ Wkh wuxh ydoxh ri ￿ @ 4 iru hdfk pdujlqdo srvwhulru1






￿ Wkh uhgxfhg irup sdudphwhuv vdwlvi| ￿ @ +￿4===￿n,3 dqg ￿5 @ === @ ￿n @ 3=
￿ Pdujlqdo srvwhulruv ri ￿ duh vkrzq iru gl￿huhqw ghjuhhv ri ryhulghqwl￿fdwlrq g = g @3+0,/ g @7+0 0,/ g @<
+01,/ g @4 <+==,1
￿ |4 dqg |5 duh lghqwlfdo iru doo ￿jxuhv zklfk kdyh wkh vdph ydoxh iru ￿4 dqg [ lv lghqwlfdo iru doo ￿jxuhv
zklfk kdyh wkh vdph ydoxh ri g=
￿ Wdeoh 6 vkrzv wkh ydoxhv ri vrph fodvvlfdo hvwlpdwruv iru wkh gl￿huhqw vlpxodwhg gdwdvhwv
Iljxuh 4= Pdujlqdo srvwhulru ￿ Guº}h Dssurdfk/ ￿4 @ 3=
63Iljxuh 5= Pdujlqdo srvwhulru ￿ Guº}h Dssurdfk/ ￿4 @ 3=4=
Iljxuh 6= Pdujlqdo srvwhulru ￿ Guº}h Dssurdfk/ ￿4 @ 4=
64Iljxuh 7= Pdujlqdo srvwhulru ￿ Wzr Vwdjh Dssurdfk/ ￿4 @ 3=
Iljxuh 8= Pdujlqdo srvwhulru ￿ Wzr Vwdjh Dssurdfk/ ￿4 @ 3=4=
65Iljxuh 9= Pdujlqdo srvwhulru ￿ Wzr Vwdjh Dssurdfk/ ￿4 @ 4=
Iljxuh := Pdujlqdo srvwhulru ￿ Mh￿uh|v* Sulru/ ￿4 @ 3=
66Iljxuh ;= Pdujlqdo srvwhulru ￿ Mh￿uh|v* Sulru/ ￿4 @ 3=4=
Iljxuh <= Pdujlqdo srvwhulru ￿ Mh￿uh|v* Sulru/ ￿4 @ 4=
67Iljxuh 43= Pdujlqdo srvwhulru ￿ Gl￿xvh Sulru/ ￿4 @ 3=8>[ 3[ @ Lg.4=
Iljxuh 44= Pdujlqdo srvwhulru ￿ Gl￿xvh Sulru/ ￿4 @ 9> [3[ @ Lg.4=
68Fodvvlfdo Hvwlpdwru ￿ q g 3 7 < 4<
5vov 3 5167 5155 5149 513;
olpo 3 5167 515; 5157 5163
rov 3 5135 5135 5135 5135
5vov 314 6176 5154 5136 5133
olpo 314 6176 6187 8184 09163
rov 314 5133 5133 5133 5133
5vov 4 31<8 4134 4139 4145
olpo 4 31<8 31<8 31<8 31<7
rov 4 418; 418; 418; 418;
[3[ @ Ln
5vov 318 516: 41<; 41<< 41<9
olpo 318 516: 6176 515: 4177
rov 318 5134 41<8 41<; 41<<
5vov 9 4143 31;< 415: 4164
olpo 9 4143 31;: 4154 4146
rov 9 419< 41:; 4199 41:3
Wdeoh 6= Ydoxhv ri Fodvvlfdo Hvwlpdwruv iru Vlpxodwhg Gdwdvhwv +Qrwh wkdw ROV hvwlpdwhv gl￿hu ryhu g zkhq
[3[ @ Ln,
Uhihuhqfhv
^4‘ Dqghuvrq/ W1Z1 Vrph uhfhqw ghyhorsphqwv rq wkh glvwulexwlrqv ri vlqjoh0htxdwlrq hvwlpdwruv1 Lq Zhuqhu
Klogheudqg/ hglwru/ Dgydqfhv lq Hfrqrphwulfv= Lqylwhg Sdshuv iru wkh Irxuwk Zruog Frqjuhvv ri wkh Hfrqr0
phwulf Vrflhw| dw Dl{0Hq0Suryhqfh/ Vhswhpehu 4<;3/ sdjhv 43<￿4551 Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<;51
^5‘ Dqghuvrq/ W1Z1 dqg K1 Uxelq1 Hvwlpdwruv ri wkh Sdudphwhuv ri d Vlqjoh Htxdwlrq lq d Frpsohwh Vhw ri
Vwrfkdvwlf Htxdwlrqv1 Wkh Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 54=8:3￿8;5/ +4<7<,1
^6‘ Edxzhqv/ O1 Ed|hvldq Ixoo Lqirupdwlrq Dqdo|vlv ri wkh Vlpxowdqhrxv Htxdwlrq Prghov xvlqj Prqwh0Fduor
Lqwhjudwlrq1 Vsulqjhu0Yhuodj/ Ehuolq/ 4<;71
^7‘ Edxzhqv/ O1 dqg K1N1 ydq Glmn1 Ed|hvldq Olplwhg Lqirupdwlrq Dqdo|vlv1 Lq M1M1 Jdev}hzlf}/ hw1 do1/ hg0
lwru/ Hfrqrplf Ghflvlrq0Pdnlqj= Jdphv/ Hfrqrphwulfv dqg Rswlplvdwlrq1 Qruwk0Kroodqg Sxeolvklqj Fr1/
Dpvwhugdp/ 4<;<1
^8‘ Ehujhu/ M1R1 Vwdwlvwlfdo Ghflvlrq Wkhru| dqg Ed|hvldq Lqihuhqfh1 Vsulqjhu0Yhuodj +Qhz \run,/ +4<;8,1
^9‘ Erzghq/ U1M1 dqg G1D1 Wxunlqjwrq1 Lqvwuxphqwdo Yduldeohv1 Fdpeulgjh Xqlyhuvlw| Suhvv +Fdpeulgjh,/
+4<;7,1
^:‘ Fkdr/ M1F1/ dqg S1F1E1 Skloolsv1 Srvwhulru glvwulexwlrqv lq olplwhg lqirupdwlrq dqdo|vlv ri wkh vlpxowdqhrxv
htxdwlrqv prghov xvlqj wkh Mh￿uh|v* Sulru1 Mrxuqdo ri Hfrqrphwulfv/ ;:=7<￿;9/ 4<<;1
^;‘ Gdylgvrq/ U1 dqg M1J1 PdfNlqqrq1 Hvwlpdwlrq dqg Lqihuhqfh lq Hfrqrphwulfv1 R{irug Xqlyhuvlw| Suhvv/
R{irug/ 4<<61
^<‘ Gku|phv/ S1M1 Olqhdu dqg Vlpxowdqhrxv Htxdwlrqv/ yroxph 5 ri Wrslfv lq Dgydqfhg Hfrqrphwulfv1 Vsulqjhu0
Yhuodj/ Ehuolq/ 4<<71
69^43‘ Guº}h/ M1K1 Ed|hvldq Olplwhg Lqirupdwlrq Dqdo|vlv ri wkh Vlpxowdqhrxv Htxdwlrqv Prgho1 Hfrqrphwulfd/
77=4378￿43:8/ +4<:9,1
^44‘ Guº}h/ M1K1 dqg M1I1 Ulfkdug1 Ed|hvldq Dqdo|vlv ri Vlpxowdqhrxv Htxdwlrqv v|vwhpv1 Lq ]1 Julolfkhv dqg
P1G1 Lqwulooljdwru/ hglwru/ Kdqgerrn ri Hfrqrphwulfv/ yroxph 41 Hovhylhu Vflhqfh +Dpvwhugdp,/ +4<;6,1
^45‘ Gxirxu/ M10P1 dqg O1 Nkdodi1 Vlpxodwlrq Edvhg Ilqlwh dqg Odujh Vdpsoh Lqihuhqfh Phwkrgv lq Vlpxowdqhrxv
Htxdwlrqv1 Zrunlqj sdshu/ FUGH/ Xqlyhuvlwh gh Prqwuhdo/ 4<<:1
^46‘ Jhzhnh/ M1 Ed|hvldq Uhgxfhg Udqn Uhjuhvvlrq lq Hfrqrphwulfv1 Mrxuqdo ri Hfrqrphwulfv/ :8=454￿479/
+4<<9,1
^47‘ Jroxe/ J1K1 dqg F1I1 ydq Ordq1 Pdwul{ Frpsxwdwlrqv1 Wkh Mrkq Krsnlqv Xqlyhuvlw| Suhvv +Edowlpruh,/
+4<;<,1
^48‘ Kdxvpdq/ M1D1 Vshfl￿fdwlrq dqg Hvwlpdwlrq ri Vlpxowdqhrxv Htxdwlrqv V|vwhpv1 Lq ]1 Julolfkhv dqg P1G1
Lqwulooljdwru/ hglwru/ Kdqgerrn ri Hfrqrphwulfv/ yroxph 41 Hovhylhu Vflhqfh +Dpvwhugdp,/ +4<;6,1
^49‘ Krrg/ Z1F1 dqg W1F1 Nrrspdqv1 Vwxglhv lq Hfrqrphwulf Phwkrg/ yroxph 47 ri Frzohv Irxqgdwlrq Prqr0
judsk1 Zloh| +Qhz \run,/ 4<861
^4:‘ Mrkqvrq/ Q1O1 dqg V1 Nrw}1 Frqwlqxrxv Xqlyduldwh Glvwulexwlrqv/ yroxph 51 Mrkq Zloh| +Qhz \run,/ 4<:31
^4;‘ Nlwdpxud/ \1 Vshfl￿fdwlrq Whvwv zlwk Lqvwuxphqwdo Yduldeohv dqg Udqn Gh￿flhqf|1 Zrunlqj sdshu/ Ghsduw0
phqw ri Hfrqrplfv/ Xqlyhuvlw| ri Plqqhvrwd/ 4<<71
^4<‘ Nohlehujhq/ I1 Frqglwlrqdo Ghqvlwlhv lq Hfrqrphwulfv1 Xqsxeolvkhg pdqxvfulsw/ Hfrqrphwulf Lqvwlwxwh/
Hudvpxv Xqlyhuvlw| Urwwhugdp/ 4<<;1
^53‘ Nohlehujhq/ I1 dqg K1N1 ydq Glmn1 Ed|hvldq Vlpxowdqhrxv Htxdwlrq Dqdo|vlv xvlqj Uhgxfhg Udqn Vwuxfwxuhv1
Hfrqrphwulf Wkhru|/ 47/ 4<<;1 iruwkfrplqj1
^54‘ Nohlehujhq/ I1 dqg U1 Sdds1 Sulruv/ Srvwhulruv dqg Ed|hv Idfwruv iru d Ed|hvldq Dqdo|vlv ri Frlqwh0
judwlrq1 Whfkqlfdo uhsruw/ Hfrqrphwulf Lqvwlwxwh/ Hudvpxv Xqlyhuvlw| Urwwhugdp/ 4<<;e1 dydlodeoh dw
kwws=22zzz1hxu1qo2ihz2hl2idfxow|2nohlehujhq1
^55‘ Norhn/ W1 dqg K1N1 ydq Glmn1 Ed|hvldq Hvwlpdwhv ri Htxdwlrq V|vwhp Sdudphwhuv = Dq Dssolfdwlrq ri
Lqwhjudwlrq e| Prqwh0Fduor1 Hfrqrphwulfd/ 77=678￿684/ +4<:;,1
^56‘ Nroprjrury/ D1Q1 Irxqgdwlrqv ri wkh Wkhru| ri Suredelolw|1 Fkhovhd +Qhz \run,/ +4<83,1
^57‘ Pduldqr/ U1V1 dqg W1 Vdzd1 Wkh H{dfw Ilqlwh0Vdpsoh Glvwulexwlrq ri wkh Olplwhg0Lqirupdwlrq Pd{lpxp
Olnholkrrg Hvwlpdwru lq wkh Fdvh ri Wzr Lqfoxghg Hqgrjhqrxv Yduldeohv1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo
Dvvrfldwlrq/ 9:=48<￿496/ 4<:51
^58‘ Pxlukhdg/ U1M1 Vrph Dvshfwv ri Pxowlyduldwh Vwdwlvwlfdo Wkhru|1 Mrkq Zloh| +Qhz \run,/ 4<;51
^59‘ Qhovrq/ F1U1 dqg U1 Vwduw}1 Vrph Ixuwkhu Uhvxowv rq wkh H{dfw Vpdoo Vdpsoh Surshuwlhv ri wkh Lqvwuxphqwdo
Yduldeohv Hvwlpdwru1 Hfrqrphwulfd/ 8;=<9:￿<:9/ 4<<31
^5:‘ Skloolsv/ S1F1E1 H{dfw Vpdoo Vdpsoh Wkhru| lq wkh Vlpxowdqhrxv Htxdwlrqv Prgho1 Lq ]1 Julolfkhv dqg P1G1
Lqwulooljdwru/ hglwruv/ Kdqgerrn ri Hfrqrphwulfv/ Yro141 Qruwk0Kroodqg Sxeolvklqj Fr1/ Dpvwhugdp/ 4<;61
^5;‘ Srlulhu/ G1M1 Lqwhuphgldwh Vwdwlvwlfv dqg Hfrqrphwulfv= D Frpsdudwlyh Dssurdfk1 PLW Suhvv/ +Fdpeulgjh/
PD,/ +4<<8,1
^5<‘ Vkhd/ M1 Lqvwuxphqw uhohydqfh lq pxowlyduldwh olqhdu prghov= D vlpsoh phdvxuh1 Wkh Uhylhz ri Hfrqrplfv
dqg Vwdwlvwlfv/ :<=67;￿685/ 4<<:1
^63‘ Vwdljhu/ G1 dqg M1K1 Vwrfn1 Lqvwuxphqwdo yduldeohv uhjuhvvlrq zlwk zhdn lqvwuxphqwv1 Hfrqrphwulfd/ 98=88:￿
8;9/ 4<<:1
6:^64‘ Vwhho/ P1I1M1 D Ed|hvldq Dqdo|vlv ri Vlpxowdqhrxv Htxdwlrq Prghov e| frpelqlqj Uhfxuvlyh Dqdo|wlfdo dqg
Qxphulfdo Dssurdfkhv1 Mrxuqdo ri Hfrqrphwulfv/ 7;=668￿684/ 4<<41
^65‘ Wkhlo/ K1 Hvwlpdwlrq dqg Vlpxowdqhrxv Fruuhodwlrq lq Frpsohwh Htxdwlrq V|vwhpv1 Plphrjudskhg Phpr0
udqgxp ri wkh Fhqwudo Sodqqlqj Exuhdx/ Wkh Kdjxh/ 4<861
^66‘ Zdqj/ M1 dqg H1 ]lyrw1 Lqihuhqfh rq Vwuxfwxudo Sdudphwhuv lq Lqvwuxphqwdo Yduldeohv Uhjuhvvlrq zlwk Zhdn
Lqvwuxphqwv1 Hfrqrphwulfd/ Iruwkfrplqj/ 4<<;1
^67‘ ]hooqhu/ D1 Dq Lqwurgxfwlrq wr Ed|hvldq Lqihuhqfh lq Hfrqrphwulfv1 Zloh| +Qhz \run,/ +4<:4,1
^68‘ ]hooqhu/ D1/ O1 Edxzhqv/ dqg K1N1 ydq Glmn1 Ed|hvldq Vshfl￿fdwlrq Dqdo|lv dqg Hvwlpdwlrq ri Vlpxowdqhrxv
Htxdwlrq Prghov xvlqj Prqwh0Fduor Lqwhjudwlrq1 Mrxuqdo ri Hfrqrphwulfv/ 6;=6<￿:5/ +4<;;,1
^69‘ ]lyrw/ H1/ U1 Vwduw}/ dqg F1 U1 Qhovrq1 Ydolg Frq￿ghqfh Lqwhuydov dqg Lqihuhqfh lq wkh Suhvhqfh ri Zhdn
Lqvwuxphqwv1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ Iruwkfrplqj/ 4<<;1
6;